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T h i s  p a p e r  d e a l s  w i t h  two q u e s t i o n s :  r e d u c i n g  t h e  
p ro b le m  o f  c o u n t i n g  t h e  number o f  i m p r i m i t i v e  r e p r e s e n t a t i o n s  
o f  a b i n a r y  q u a d r a t i c  form  t o  t h a t  o f  c o u n t i n g  t h e  p r i m i t i v e  
ones  and c o u n t i n g  t h e  number o f  r e p r e s e n t a t i o n s  w i t h  a f i x e d  
g . c . d .  o f  a b i n a r y  a s  t h e  sum o f  f o u r  s q u a r e s  o f  l i n e a r  
f o r m s .
In  t h e  f o l l o w i n g  B d e s i g n a t e s  a b i n a r y  q u a d r a t i c  form 
w i t h  p r i m i t i v e  m a t r i x  and r ^ [ d B : r ]  r e p r e s e n t s  t h e  number 
o f  r e p r e s e n t a t i o n s  w i t h  g . c . d .  r  o f  dB a s  t h e  sum o f  f o u r  
s q u a r e s  o f  l i n e a r  f o rm s .
In  C h a p te r  I  t h e  p r o p e r t i e s  o f  g e n e r i c  c h a r a c t e r s  a r e  
u se d  t o  d e t e r m in e  t h e  form s B and d i v i s o r s  d f o r  which  
r ^ [ d B : l ]  4= 0 . Then r ^ [ d B : l ]  i s  d e t e r m in e d  in  t e rm s  o f
o r d i n a l  i n v a r i e n t s .  I t  i s  t h e n  shown t h a t  r ^ [ d B : l ]  i s
r a d , B : l ]  r ^ t d p B i l ]
f a c t o r a b l e  in  t h e  s e n s e  t h a t  ----------- — . ----------- —■=— =
r 4 [ B : l ]  r 4 [ B : l ]
r j J d l d ?B : 1 ]
j  ' '—  ^ o r  (d i * d 2^ = ^ ar)d 4s 0*
In  C h a p te r  I I  i t  i s  shown t h a t  f o r  a f i x e d  
d ,B ^ x ^,  n > 2 , Anxn and r  t h a t  t h e  number o f  
r e p r e s e n t a t i o n s  Tn x ^ o f  g . c . d .  r  such  t h a t  T'AT = dB can
iv
b e  d e t e r m in e d  b y  t o t a l i n g  t h e  p r o d u c t s  o f  t h e  number o f  V ' s
V*dB V* 2x 2such  ------*-----  l i e s  i n  a f i x e d  o r d e r  where V i s
r
h e r m i t e  o f  d e t e r m i n a n t  r  t i m e s  t h e  number o f  p r i m i t i v e
V*dB V#r e p r e s e n t a t i o n  o f  a ------«-----  i n  t h a t  o r d e r .  The number o f
r
su ch  V  s su ch  t h a t  V*' BV* l i e s  i n  a f i x e d  o r d e r  i s  t h e n  
d e t e r m i n e d .
In  C h a p te r  I I I  t h e  r e s u l t s  o f  C h a p te r  I  and C h a p te r  I I
a r e  u s e d  t o  show t h a t  r ^ [ d B : r ]  i s  f a c t o r a b l e  i n  t h e  s e n s e
rii[  ^ iB :  r ]  r 4 [ d o B : r ]  r 4 [ d ,dpB :  r ]
t h a t  —  . * ,—  = f ------  when d p d J  = 1
r 4 [ B : r ]  r 4 [ B : r ]  1 2 '
and r ^ [ B : r ]  ^ 0 . The r e s u l t s  o f  C h a p te r  I I  a r e  t h e n  a p p l i e d  
t o  show how t o  c a l c u l a t e  r ^ [ p wB : r ]  where  p i s  a p r im e
.̂n t e rm s  o f  t h e  r e s u l t s  o f  C h a p te r  I .
v
INTRODUCTION
In  t h i s  p a p e r  we w i l l  be  d e a l i n g  w i th  r e p r e s e n t a t i o n s  
o f  a b i n a r y  q u a d r a t i c  fo rm  by  o t h e r  fo rm s .  L e t  A^n x n  ̂
and be  n o n - s i n g u l a r ,  sym m etr ic  r e a l  m a t r i c e s ,
1 < k < n .  We s a y  t h a t  A r e p r e s e n t s  B i f  t h e r e  e x i s t s  
an I n t e g r a l  m a t r i x  t  (nxl0  such  t h a t  T^A T^ = B. H ere ,
^  i s  c a l l e d  a r e p r e s e n t a t i o n  o f  B by  A. Two r e p r e s e n t a t i o n s  
a r e  c o n s i d e r e d  e q u a l  o n l y  i f  t h e y  a r e  i d e n t i c a l  m a t r i c e s .
We w i l l  u s e  5k (T1 ) t o  d e n o te  t h e  g . c . d .  o f  t h e  m inor  
d e t e r m i n a n t s  o f  o r d e r  k i n  T^.  Of ®k(Ti )  = Ti  i s  
c a l l e d  a p r i m i t i v e  r e p r e s e n t a t i o n .
As r e g a r d s  f u r t h e r  n o t a t i o n  we w i l l  a lw ays  mean a 
p r im e  when we w r i t e  p .  By ( f | p )  we w i l l  mean t h e  v a l u e  o f  
t h e  g e n e r i c  c h a r a c t e r  f o r  a form f  and an odd p r im e  p .
I f  q ( 2x2) i s  a sym m etr ic  m a t r i x ,  by (Q |p )  we mean t h e  
v a l u e  o f  t h e  g e n e r i c  c h a r a c t e r  ( f | p )  where f  i s  t h e  form 
a s s o c i a t e d  w i th  Q.
We u s e  c a p i t a l  l e t t e r s  A , . . . , Z  t o  d e n o te  m a t r i c e s  
u n le s s  o t h e r w i s e  i n d i c a t e d .  A lso  I  s t a n d s  f o r  t h e  i d e n t i t y  
m a t r i x ,  A* f o r  t h e  a d j o i n t  o f  A, T* f o r  t h e  t r a n s p o s e  o f  
T, | f |  f o r  t h e  d e t e r m i n a n t  o f  t h e  form  f ;  and T 
u n im o d u la r  means T i s  s q u a re  i n t e g r a l  and | t |  = 1 .
1
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I t  i s  f u r t h e r  assumed t h a t  t h e  r e a d e r  i s  f a m i l i a r  
w i th  t h e  b a s i c  p r o p e r t i e s  o f  b i n a r y  q u a d r a t i c  forms and in  
p a r t i c u l a r  w i t h  g e n e r i c  c h a r a c t e r s  o f  fo rm s .
A lso  we w i l l  be d e a l i n g  o n l y  w i t h  form s w i t h  i n t e g e r  
c o e f f i c i e n t s .  A l l  o u r  m a t r i c e s  a r e  i n t e g r a l  o r  
q u a s i - i n t e g r a l .  T ha t  i s ,  t h e  e l e m e n t s  on t h e  d i a g o n a l  a r e  
i n t e g e r s  and t h e  e l e m e n t s  o f f  t h e  d i a g o n a l  a r e  i n t e g e r s  
o r  h a l v e s  o f  i n t e g e r s .
CHAPTER I
L e t  us  f i r s t  c o n s i d e r  an e a s y  r e p r e s e n t a t i o n  p ro b lem  
i n v o l v i n g  t h e  number o f  r e p r e s e n t a t i o n s  o f  a b i n a r y  
q u a d r a t i c  form  a s  t h e  sum o f  two s q u a r e s  o f  l i n e a r  f o rm s .
Theorem 1 . 1 . I f  [ a , b , c ]  i s  t h e  sum o f  two s q u a r e s  o f  
l i n e a r  fo rm s and b ^ - 4 a c ^ 0  t h e n  b must be even ,
2 Kd = b -  4 ac i s  t h e  n e g a t i v e  o f  a s q u a r e  and e =  ( a , - ^ ,c )  i s
2
t h e  sum o f  two s q u a r e s . F u r th e rm o re  i f  ac -  b i s  a 
n o n - z e r o  s q u a re  t h e n  t h e  number o f  r e p r e s e n t a t i o n s  o f  
[ a , 2 b , c ]  a s  t h e  sum o f  two s q u a r e s  o f  l i n e a r  form s i s  
2 r 2 (e )  where r 2 (e )  i s  t h e  number o f  r e p r e s e n t a t i o n s  o f  
e = ( a , b , c )  as  t h e  sum o f  2 s q u a r e s  o f  i n t e g e r s .
2 2 2 ? P r o o f : Suppose ax + b ^ y  + cy  = ( p 1x + q1y)  t f p ^  + qgy) .
Then a = p^  + P 2 , c = q^ + q |  and b̂  ̂ = 2p1 q1 + 2p 2q2> So
b^ must be e v e n .  T h e r e f o r e  l e t  b^ = 2b and o u r  e q u a t i o n s
become
I )  a = + c = q^ + q 2* b = P1q1 + P 2q2 -
p
Observe  t h a t  ( 2b )  -  4 ac =
(P^!+P2q2 2̂ " (pl  +P2^ql +<l2^ = -MPi<l2" P2ql ) 2*
T h e r e f o r e  t h e  d i s c r i m i n a n t  must be t h e  n e g a t i v e  o f  a s q u a r e ,  
s a y  -  4 t  ? W ith  t h i s  n o t a t i o n ,  t ^  + b ^  = a c .
3
4
Now c o n s i d e r  t h e  G au ss ia n  i n t e g e r  b + i t . Every
f a c t o r i z a t i o n  o f  t h i s  i n t e g e r  a s  b + i t  = ( p ^ - p gi ) ( q ^  + q g i )
2 2 2 2
w i t h  P 1 + P 2  ~ a and <*i + ^2  = c y ± e ld s  b = P l ^ l  + p 2q 2
and t h e r e f o r e  y i e l d s  a u n iq u e  q u a r t e t
s a t i s f i e s  I ) .  By a th e o re m  o f  P r o f e s s o r  P a l l ' s  ( s e e  [5 ]
f o r  a g e n e r a l i z a t i o n )  we know t h a t  t h e  number o f
2 2f a c t o r i z a t i o n s  o f  a G au s s ia n  i n t e g e r  o f  norm b + t  a s  t h e  
p r o d u c t  o f  two G au ss ian  i n t e g e r s  o f  norm a and c 
r e s p e c t i v e l y  i s  r 2 ( e ) where  e = ( t , b , a , c ) ,  and t h a t  we 
g e t  r g f e )  d i f f e r e n t  f a c t o r i z a t i o n s  by c o n s i d e r i n g  b -  i t .
Note a l s o  t h a t  e v e ry  q u a r t e t  s a t i s f y i n g  1 ) 
c o r r e s p o n d s  u n i q u e l y  t o  a f a c t o r i z a t i o n  o f  e x a c t l y  one o f  
b + i t  and b -  i t .
Lemma: I f  ( t , b , a , c )  = e ^ ,  ( a , b , c )  = e , and t 2 + b 2 = ac
th e n  e = e ^ .
P r o o f : From t h e  h y p o t h e s i s  S in c e  e f a j e l c  and e | b
2i 2 21 2 1we s e e  t h a t  e | a c  -  b o r  e | t  . So e | t .
The n e x t  l o g i c a l  s t e p  in  o u r  d i s c u s s i o n  would be t o  
c o n s i d e r  t h e  number o f  r e p r e s e n t a t i o n s  o f  a b i n a r y  a s  t h e  
sum o f  t h r e e  s q u a r e s  o f  l i n e a r  f o rm s .  P r o f e s s o r  P a l l ,  
how ever ,  h a s  a l r e a d y  t a k e n  c a r e  o f  t h i s  c a s e  i n  h i s  a r t i c l e  
[ 4 ] .  In  t h i s  p a p e r  he d e r i v e s  an a l g o r i t h m  which  we w i l l  
u s e  e x t e n s i v e l y  i n  t h e  d i s c u s s i o n  o f  t h e  number o f  
r e p r e s e n t a t i o n s  o f  a b i n a r y  as  t h e  sum o f  f o u r  s q u a r e s  o f
5
l i n e a r  f o r m s .
A lg a r l th m  and D i s c u s s i o n : L e t  be  a p r i m i t i v e
r e p r e s e n t a t i o n  o f  by  A. Where, a s  b e f o r e ,  B1 i s  kxk, A 
i s  nx n and i s  nxk w i th  1 < k < n .  From P r o f e s s o r
P a l l ' s  a r t i c l e  we know t h e r e  e x i s t s  a complement Tg o f  
such  t h a t  T -  (T^T2 ) i s  u n im o d u la r .  Then
rT;AT l t *a t2h p !  K -i
T AT LT2AT1 T2AT J  = I? B J










Onwhere C = A*. Now l e t  b^ = | B^| and d 2 = | d2 | 
c o m p le t in g  s q u a r e s ,  t h a t  i s  r e p l a c i n g  B by p ' B P  and D by
q ' d Q where
P =
i i  - bI 1 k '
and Q =
- P ^ L  I a
p q1 = q 'P  = I ,  we a r r i v e  a t
p ' b P =
*1 o'
; Q'DQ =
d ^ E  0 "
0 b ^ XG o d 2
where G = b-jBg -  KB^ K and E = d ^  -  L DgL.
These c o n s i d e r a t i o n s  l e a d  u s  t o  P r o f e s s o r  P a l l ' s  Theorem 1
6
w hich  f o l l o w s .
With any p r i m i t i v e  r e p r e s e n t a t i o n  T1 o f  B-̂  by A i s  
a s s o c i a t e d  an a g g r e g a t e  o f  p a i r s  o f  m a t r i c e s  U'GU and 
U'K + H 'B^, t h e  a g g r e g a t e  b e i n g  d e r i v a b l e  f rom  any one p a i r
G + K by  u s e  o f  an a r b i t r a r y  u n im o d u la r  U and i n t e g r a l  H.
The same m a t r i c e s  G and K a r e  a s s o c i a t e d  w i th  WT^ where 
W i s  any u n im o d u la r  au tom orph  o f  A.
C o n v e r s e ly ,  f o r  a g iv e n  B^, G, and K such  t h a t






I f  A i s  e q u i v a l e n t  t o  B and. T i s
a u n im o d u la r  au tom orph  o f  A i n t o  B t h e n  c o n s i s t i n g
o f  t h e  f i r s t  k columns o f  T i s  a p r i m i t i v e  r e p r e s e n t a t i o n
o f  B1 by A.
T h i s  a lg o n th m  l e a d s  u s  t o  a method o f  d e t e r m i n i n g
e x a c t l y  what fo rm s  a r e  r e p r e s e n t a b l e  a s  t h e  sum o f  f o u r
s q u a r e s  o f  l i n e a r  f o rm s .  T h is  q u e s t i o n  i s  e q u i v a l e n t  t o
(2x2)a s k i n g  f o r  a fo rm  f  w i t h  m a t r i x  B^ ' ,  how many m a t r i c e s
T ^ * 2 ) e x i s t  such  t h a t  B^ = T ^ I T ^  where I  i s  t h e  4 x4
i d e n t i f y  m a t r i x .
In  t e rm s  o f  t h e  above n o t a t i o n  i f  g i s  a form w i th
(2x2)m a t r i x  G, | g | = b , , and t h e r e  e x i s t s  a m a t r i x  K
1 fR k 7]
such




j 2 x 2 0
B
j 2 x 2 S B1 0
S' j2%2 0 j2 x  2 0 G
— — — —




B i s  e q u i v a l e n t  t o  I .4x4 T h e r e f o r e  i f  f o r  a g iv e n  B1
t h e r e  e x i s t  m a t r i c e s  G and K su ch  t h a t  | g | = b^ and
* iK B ^ -G m o d b ,  th e n f  , t h e  form  a s s o c i a t e d  w i th  B, ,
can "be r e p r e s e n t e d  p r i m i t i v e l y .
A lso  i t  s h o u ld  be n o te d  t h a t  i f  KB,K'
. Si
.  -G mod p
i s  s o l v a b l e  f o r  e v e ry  p | b ^  where p s || b^ th e n
s
KB*K' -G m o d b ,  i s  s o l v a b l e .
L e t  K and 
*
G s a t i s f y  G ■ -KB^K1 mod b^ where
b 1 = J b | = |B ^ |  = | Gj . S o l v i n g  a d j o i n t - w i s e  t h r o u g h  t h e
#
a l g o r i t h m  we f i n d  E = B^ and G* = D,,. A lso  d g = b 1




-K 1 mod b.
T h is  y i e l d s  two r e l a t i o n s  between
2 ) B^ ■ - L 'G L  modb^
*
L e t  G -  d1Q and B^ = d gR where Q and R a r e  p r i m i t i v e  
m a t r i c e s  and d̂  ̂ and d 2 a r e  p o s i t i v e .  Then f rom  1 ) ,  
dgjd^^ and from 2 ) ,  d . J d 2 . T h e r e f o r e  d-  ̂ = d 2 . So s e t
8
D,
d^ = d^ .  Note t h a t  |Q |  -  | R |  - - p
3 ) Q
Our two r e l a t i o n s
now "become -KRK1 mod -g- 
b l4 ) R m -L 'QL mod - p
L e t  p s 1| b l / d  f o r  p odd .  Assume T and S a r e  
i n t e g r a l  m a t r i c e s  w i t h  |T |  = | s |  = 1  such  t h a t  T'QT and
S'RS a r e  c o n g r u e n t  mod p s t o  d i a g o n a l  fo rm s .  So we can
suppose  T'QT
-




where ( x ,p )  = ( y ,p )  = ( z , p )  = w ,p)  = 1 . Then 3 ) becomes
[x 0 1  w 0 “I
|p ypb 0 zp*J
K' mod p s where 0 < t  <
Note t h a t  i f  Q, f o r  exam ple ,  i s  p r i m i t i v e  b u t  t h e  form 
a s s o c i a t e d  w i t h  Q i s  n o t ,  i t  w i l l  be c o n v e n ie n t  t o
2x 0
w r i t e  T'QT , where ( x , 2 ) = (y*2 ) = 1 . The
0 2zp
same h o ld s  f o r  T h i s ”w i l l  be  im p o r t a n t  l a t e r  in
d e t e r m i n i n g  g e n e r i c  c h a r a c t e r s .





k l l  k 12 w 0 k l l  k 21
a -
0 yp* k 21 k 22 0 zpb k 12 k 22
mod p .
T h is  y i e l d s
5 ) + o ZP ■ - x  mod p s‘12
9
6) k 21w + k 22 m - y p 1 mod p s
t  s
7 ) k i x k 21w + k l 2k 22zp * 0 mod p *
Theorem 1 : I f  t h e  form s a s s o c i a t e d  w i t h  Q and R a r e
p r i m i t i v e  and e i t h e r  t  * 0 o r  (Q |p )  = (—1 | p ) t h e n  t h e
sy s tem  5 ) , 6 ) , and 7) i s  s o l v a b l e  f o r  p > 2 .
2
P r o o f : Case I :  t  ^ 0 . - x  = k x]W mod p i s  s o l v a b l e
2 r
s i n c e  ( - x | p )  = ( w |p ) .  Now suppose  - x  ■ k r w mod p
T* P
Then l e t  k r + i  = k r  + hp . S o  (kr + i )  w =
w(kr  + 2k r h p r  + h 2p 2 r ) •  k f w + 2h k r p r w mod p r + 1 . Thus
2
~k r  + x
 p—  s  2kph mod p which  h a s  a s o l u t i o n  s i n c e
(kr >p) = ( 2 >p) = 1 . Take k i 2  * k 21 * 0 mod p S * Then 7 )
2 t  t  si s  s o l v a b l e  and 6)  r e d u c e s  t o  k 22zp m -y p  mod p . I f
s = t  t h i s  i s  o b v i o u s l y  s o l v a b l e .  I f  t  < s c o n s i d e r
2 s - tk 22x ■ - y  mod p . T h i s  w i l l  have  a s o l u t i o n  i f
( - y | p )  = ( z | p )  . On c o n s i d e r i n g  d e t e r m i n a n t s  we see  t h a t  
xyp^ ■ wzp^ mod p s , o r  xy  ■ wz mod p s - t . S in c e  
( - x | p )  = ( w |p ) ,  t h e n  ( - y | p )  = ( z | p )  and Case I  i s  f i n i s h e d .
Case I I :  t  = 0 . Take k ^ 2 « k 2^ ■ 0 mod p s f i r s t .
T h i s  c a s e  i s  t h e n  t h e  same a s  Case I ,  s i n c e  we can assume,  
when p \  d e t e r m i n a n t  o f  t h a t  (w |p )  = ( - x | p ) .
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Lemma: I f  f  = [ a , 2b , c ]  i s  i . p . ,  t h a t  i s  ( a , 2b , c )  = 2 b u t
2 \  b t h e n  | f |  = ac -  b 2 ■ 3 mod 4 ,
Q p
P r o o f : ac -  b ■ - b  ■ - 1  * 3 mod 4 s i n c e  2 | a , 2 | c  and
( 2 ,b )  = 1.
Theorem 2 : I f  G and B1 have t h e  same d e t e r m in a n t  b 1« l m o d 4 ,
*
t h e r e  e x i s t s  a s o l u t i o n  K o f  G * -KB^K' mod b^ ,  G has  
t h e  g e n e r i c  c h a r a c t e r  (G |p)  and B1 h as  t h e  g e n e r i c  c h a r a c t e r  
(G |p)  th e n  (G |p)  = ( - l | p ) ( B 1 | p ) .
*
P r o o f : As b e f o r e  G ■ -KB^K1 mod b 1 r e d u c e s  t o
Q 9 -KRK1 mod b l / d  where Q and R a r e  p r i m i t i v e  m a t r i c e s
and a r e  m a t r i c e s  o f  p r i m i t i v e  forms by t h e  above lemma. By
d e f i n i t i o n  (G |p)  = (Q lP) and (R |p )  = (B-jJp). T h e r e f o r e
i f  t h e  form a s s o c i a t e d  w i t h  Q r e p r e s e n t s  w mod p t h e n  t h e
form a s s o c i a t e d  w i t h  R r e p r e s e n t s  an i n t e g e r  c o n g ru e n t  t o  
2
-  k ^ w  mod p .
Theorem 3 : I f  f  i s  a p o s i t i v e  d e f i n a t e  form w i th
d e t e r m in a n t  b 1 ■ 1 mod 4 , th e n  f  i s  r e p r e s e n t a b l e
p r i m i t i v e l y  a s  t h e  sum o f  f o u r  s q u a r e s  o f  l i n e a r  fo rm s .
P r o o f : By p r e v i o u s  work we need  o n ly  show t h e  e x i s t e n c e  o f
a p r i m i t i v e  m a t r i x  Q w i t h  a s s o c i a t e d  form q such t h a t  
(Q |p)  = ( - l | p ) ( R | p )  i f  p | b x , a n d  | q | = | R | . O b v ious ly
|R |  m 1 mod 4 . D e s i g n a t e  t h i s  d e t e r m in a n t  by c .  We impose
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a l s o  on Q t h e  r e s t r i c t i o n  t h a t  ( - l | q )  = ( - l j f ^ )  and 
a p p e a l  t o  t h e  p r o d u c t  theo rem  (a s t a t e m e n t  o f  which a p p e a r s  
l a t e r )  t o  show t h a t  q e x i s t s .
( - i | q )  P (q|p) -  n ( - i | p ) ( f i l p )  -  ( - l l c H M o  n ( f j p )
p | c  p | c  P | C
= 1 s i n c e  c ■ 1 mod ^ and ( - 1 1f  1 ) II ( f n l p )  = 1 by
P|c
t h e
e x i s t e n c e  o f  f ^ .  So such  a q e x i s t s .
I t  sh o u ld  be n o te d  t h a t  i f  t h e  p r im e p does  n o t  
d i v i d e  c t h e n  t h e  co n g ru en c e s  6 ) ,  7)  and 8) a r e  s o l v a b l e  
w i th o u t  p l a c i n g  any f u r t h e r  r e s t r i c t i o n s  on t h e  g e n e r i c  
c h a r a c t e r s .
We w i l l  now c o n s i d e r  t h e  sys tem  5 )> 6) and 7 ) in  t h e  
c a s e  where t h e  p r i m i t i v e  m a t r i x  R i s  a s s o c i a t e d  w i th  an 
i m p r i m i t i v e  fo rm .  Then we have
x 0 k l l  k 12 2w 0 k l l  k 21
9  - mod
0 y p t k 21 k 22 0 2zpt k 12 k 22
s
2 2 t  swhich y i e l d s  8) 2 k ^ w  + 2k12zp = - x  mod p
9) 2k21w + 2k22zpt  * - y p t  mod p s 
10) + 2k12k 22zpt  « 0 mod p !
We w i l l  now p ro v e
Theorem 4 : I f  t h e  form a s s o c i a t e d  w i th  R i s  im p r i m i t i v e
and t h e  form a s s o c i a t e d  w i th  Q i s  p r i m i t i v e  t h e n  i f  e i t h e r
12
t  = 0 o r  (Q |p )  » (— 2 1p) ( R ^ | p ) ; t h e  sy s tem  8 ) ,  9 )*and  10) 
h a s  s o l u t i o n s f where by  (R ^ |p )  we mean t h e  g e n e r i c  c h a r a c t e r  
o f  t h e  p r i m i t i v e  form a s s o c i a t e d  w i t h  R. L ik e w is e  i f  R i s  
a s s o c i a t e d  w i t h  a p r i m i t i v e  form  and Q i s  n o t  t h e n  i f  




0 2ypt 0 zp t
_ —
h a s  s o l u t i o n s  where  by  (Q jJp )  we mean t h e  g e n e r i c  c h a r a c t e r  
o f  t h e  p r i m i t i v e  form a s s o c i a t e d  w i t h  Q.
P r o o f : The p r o o f  o f  b o t h  p a r t s  o f  t h i s  th e o re m  f o l l o w  from
t h e  p r o o f  o f  Theorem 1 . R e p la c e  2w by w' and 2z by 
z '  i n  8 ) ,  9 ) ,  and 1 0 ) .  Then 8), 9 ) ,  and 1 0 ) become 5 ) ,  6 ) ,  
and 7)  w i t h  w and z r e p l a c e d  by w1 and z 1 r e s p e c t i v e l y .  
The g e n e r i c  c o n d i t i o n  i n  t h e  f i r s t  p a r t  o f  t h i s  th e o re m  th e n  
becomes ( x | p )  = ( - 2 | p ) ( w | p )  = ( - 2 | p )  = ( - w ' j p )  which  i s  
what i s  n eed ed  f o r  t h e  p r o o f  o f  Theorem 1 .
The second  p a r t  o f  t h i s  th e o re m  f o l l o w s  f rom  t h e  p r o o f  
o f  Theorem 1 by r e p l a c i n g  x and y by  2x and 2y 
r e s p e c t i v e l y  i n  5 ) ,  6 ) ,  and 7 ) .
I t  w i l l  be n e c e s s a r y  h e r e  t o  r e c a l l  t h e  p r o d u c t  
th e o re m  and t h e  e x i s t e n c e  th e o re m  f o r  a  genus  o f  b i n a r y  
q u a d r a t i c  f o r m s .
P ro d u c t  Theorem: L e t  d be t h e  d i s c r i m i n a n t  o f  a p r i m i t i v e
13
b i n a r y  q u a d r a t i c  fo rm  g .  L e t  a  be  a number p r im e  t o  2d
w hich  i s  r e p r e s e n t e d  by g .  Then
e+1
( 2 1 a )w • ( - 1 1 a ) ^ • II ( g | p )  * 1 where  d ■ - 2 w *e, e odd
and p i s  an odd p r im e .
E x i s t e n c e  Theorem: L e t  d be a g iv e n  n o n - z e r o  i n t e g e r ,
d ■ 0 o r  1 mod 4 ; l e t  i  * 0 i f  d < 0, i  = 1 i f  d > 0 .  
A ss ig n  t o  t h e  symbols ( f | p ) ,  f o r  ea ch  odd p r im e  d i v i d i n g  d,  
(—1 | f ) i f  d ■ 0 o r  -4  mod 16, ( 2 | f )  i f  d ■ 0 o r  8 mod 32,
and (— 2 | f ) i f  d a - 8  mod 32 any v a l u e s  o f  +1 o r  - 1
c o n s i s t e n t  w i t h  t h e  p r o d u c t  r e l a t i o n .  Then t h e r e  e x i s t s  a 
p r i m i t i v e  fo rm  f  w i th  d i s c r i m i n a n t  d and in d e x  i ,  and 
t h e  v a l u e s  t h u s  a s s i g n e d  t o  i t s  g e n e r i c  c h a r a c t e r s .
Theorem 5 : L e t  b 1 a 3 mod 8 .  I f  f  i s  a fo rm  whose
d e t e r m i n a n t  i s  b 1 and f  = df-^ where  f 1 i s  p r i m i t i v e  and
h as  a p r i m i t i v e  i n t e g r a l  m a t r i x  t h e n  t h e r e  e x i s t s  a form g
w i t h  m a t r i x  G such  t h a t  | g | = b 1# g = dQ, Q p r i m i t i v e ,  q
t h e  form  a s s o c i a t e d  w i th  Q, i s  e q u a l  t o  2q^ w i t h  q^ 
p r i m i t i v e  and (q-j jp)  = ( - 2 | p ) ( f 1 |p )  f o r  p d i v i d i n g  | f |  
where  p > 2 . A lso  i f  t h e  d e t e r m i n a n t  o f  f  = b^ and 
t h e  p r i m i t i v e  m a t r i x  a s s o c i a t e d  w i t h  f  i s  i n  t u r n  
a s s o c i a t e d  w i t h  an i m p r i m i t i v e  form, s a y  2 f 1 t h e n  t h e r e  
e x i s t s  a fo rm  g w i t h  m a t r i x  G such  t h a t  | g |  * b-^, G 
h a s  t h e  same d i v i s o r  a s  t h e  m a t r i x  o f  f  , t h e  p r i m i t i v e
14
m a t r i x  Q a s s o c i a t e d  w i t h  g h a s  a p r i m i t i v e  fo rm  g^ 
a s s o c i a t e d  w i th  i t  and ( - 2 | p ) ( g 1 | p )  = ( f ^ | p )  f o r  p 
d i v i d i n g  | f ^ | ,  p odd .  Thus i f  a fo rm  h as  i t s  
d e t e r m i n a n t  ■ 3 mod 8,  i t  i s  p r i m i t i v e l y  r e p r e s e n t a b l e  a s  
t h e  sum o f  f o u r  s q u a r e s  o f  l i n e a r  f o rm s .
P r o o f : The d i s c r i m i n a n t  o f  f  -  - 4 b ^ ,  t h e  d i s c r i m i n a n t  o f
4b x b x
q = -  —j -  ; t h e  d i s c r i m i n a n t  o f  q-  ̂ = -----^ . S in c e
d d
o
d a l  mod 8 ,  A <= d i s c r i m i n a n t  o f  q^ ■ - 3  mod 8 .  So f-^ and 
q1 have o n ly  g e n e r i c  c h a r a c t e r s  o f  t h e  form ( f ^ J p )  and 
( q ^ | p ) .  We w i l l  now a p p e a l  t o  t h e  p r o d u c t  th e o re m  t o  show 
q^ e x i s t s .
n  (<1! Ip ) -  n  ( - 2 l p X f . j p )  = ( - 2 | a ) n  ( f j p )  = 1 .  
p U  p U  p U
So q^ does  e x i s t . Now we m ust  show t h a t  2q^ h a s  a 
p r i m i t i v e  m a t r i x .  L e t  q^ = [ a , b , c ]  where 
b -  4 ac ■ - 3  mod 8 .  So b must  be odd .  T h e r e f o r e  s i n c e  
( a , b , c )  = 1 ,  ( 2 a , b , 2 c )  = 1 a l s o  and 2q^ h a s  a p r i m i t i v e  
m a t r i x .
O b v io u s ly  t h i s  a p p ro a c h  w i l l  a l s o  work f o r  t h e  o t h e r  
h a l f  o f  t h e  th e o re m .  An a p p e a l  t o  Theorem 4 f i n i s h e s  t h e  
p r o o f .
Theorem 6: L e t  -  dR, R p r i m i t i v e ,  |R |  = c m l m o d 4
and 2^ | |  d .  I f  n = 1 t h e  form  a s s o c i a t e d  w i th  i s
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p r i m i t i v e l y  r e p r e s e n t a b l e .  I f  n > 2 i t  i s  n o t  p r i m i t i v e l y  
r e p r e s e n t a b l e .
P r o o f : L e t  f ^  be t h e  form a s s o c i a t e d  w i th  R. S in c e  
c e l  mod f ^  i s  p r i m i t i v e .  Our o r i g i n a l  cong ruence  i s
now Q a -KRK' mod d c . S in ce  | q |  = |R |  = c « 1 mod 4 ,
Q ■ -KRK1 mod 2 i s  a lways s o l v a b l e  w i t h o u t  im pos ing  any 
r e s t r i c t i o n s  on t h e  g e n e r i c  c h a r a c t e r s  o f  Q. S in ce  
c e l  mod 4 , Q e -KRK* mod c i s  a l s o  s o l v a b l e  and t h e  f i r s t  
p a r t  o f  t h e  th e o re m  i s  p ro v e d .
F o r  n > 2 c o n s i d e r  Q a -KRK' mod 211. Then s i n c e  
n > 2 , Q a -KRK' mod 4 . A lso  suppose  Q r e p r e s e n t s  t h e  
odd i n t e g e r  m mod 4 . Then t h e r e  e x i s t s  a t r a n s f o r m a t i o n  S 
such t h a t  m e  S'QS a -S'KRK'S mod 4 . Then
m1 -= S'KRK'S i s  o b v i o u s l y  a number p r im e  t o  2 and r e p r e s e n t e d  
by R and m a -m' mod 4 . S in ce  c a 1 mod 4 , f.^ and q
have t h e  r e s p e c t i v e  g e n e r i c  c h a r a c t e r s  ( - l j f ^  and ( - 1 1 q ) .
We a l s o  know from t h e  p r o d u c t  fo rm u la  t h a t
( - l | q )  n  ( q |p )  = 1 i f  q e x i s t s .  However ( - l | q )  = - ( —1 | f , ) .  
p ] c
So (—1 1q ) n ( q |p )  -  - ( - l l f j . )  n ( - l | p )  -  
p | c  p | c
— ( 1 1 f ^ ) (—1 1 c ) jl ( f - j jp )  = - 1 . So we have no such q .
At t h i s  p o i n t  i t  w i l l  be  c o n v e n ie n t  t o  r e c a l l  some 
w e l l  known f a c t s  ab o u t  b i n a r y  q u a d r i a t i c  fo rm s .
Lemma: L e t  f  « 2!0L[ a , 2b , c ]  where ( a , 2b , c )  = 1  o r
o o
( a , 2b , c )  = 2 , b odd.  I f  ac  -  b m l  mod 4 , o r  ac -  b * 3 mod
2
and ( a , 2 b , c )  = 1, o r  ac -  b « 7 mod 8 and ( a , 2 b , c )  = 1,
2
o r  ac -  b a 0 mod 2 th e n  f  i s  e q u i v a l e n t  t o  a form  o f  
t h e  ty p e  [2  ^mf 0 , 2  ^n] modulo an a r b i t r a r i l y  l a r g e  power 
o f  2 . I f  ac -  b 2 a 3 mod 8 and ( a , 2b , c )  = 2 , b odd th e n
f  I s  e q u i v a l e n t  t o  a form o f  t h e  t y p e  20t[ 2 , 2 J 2 ] .  I f
ac -  b a 7 mod 8 and ( a , 2 b , c )  = 2, b odd th e n  f  i s
e q u i v a l e n t  t o  a form o f  t h e  ty p e  2a [ 0 , 2 , 0 ] ,
Theorem 7 : Le t  = dR where R i s  p r i m i t i v e  and
2° || d ,  |R] = c b  3 mod 8 .  Then t h e r e  a r e  no p r i m i t i v e  
r e p r e s e n t a t i o n s  f o r  n > 0 .
P r o o f ; Again c o n s i d e r  Q a -KRK' mod d c .  In  o r d e r  t o  s o lv e  
t h i s  mod c we know t h a t  one o f  Q and R i s  p . p .  and t h e  
o t h e r  i . p .  . Suppose Q i s  p . p .  . Then Q a
and R ■ (  ̂ mod 2 . Our congruence  th e n  becomes
* * • •




^ 1 1  k 21
Lk 12 k 2
l l  r 2k12k 
aJ Lk12k2
I  s
1+kl l k 22
mod 2.
T h i s  i m p l i e s  1 a 2k ^ g k ^  mo(* an o b v io u s  c o n t r a d i c t i o n .  
Now suppose  Q i s  i . p .  . Our cong ruence  i s  th e n
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k l l  + k12 k l l k 21 + k 12k 22
k l l k 21 + k12k 22 k 21 + k 22
mod 2.
T h i s  i m p l i e s  + k 2g ■ k 21 + k 2 2 ■ 0 mod 2 and
2 2
kl l k 21 + k 12k 22 * 1 mod 2 * Then kn  + ki 2  = 0 l mP l l e s 
k ^  ■ k ^ 2 mod 2 . L ik e w is e  we s e e  t h a t  k 2^ ■ k 22 mod 2 .
So o u r  l a s t  c o n g ru en c e  becomes ^ k ^ g k ,^  * 1 mod 2 , a
c o n t r a d i c t i o n .
I t  w i l l  be c o n v e n ie n t  t o  r e c a l l  h e r e  t h e  f a c t  t h a t  i f  
f  i s  a fo rm  w i t h  d e t e r m i n a n t  ■ 7 mod 8 t h e n  f  h a s  o n ly  
g e n e r i c  c h a r a c t e r s  o f  t h e  fo rm  ( f ^ J p ) .
Theorem 8: L e t  |B^ |  = b^ = d 2c , c  •  7 mod 8 .  Then t h e r e
a r e  no p r i m i t i v e  r e p r e s e n t a t i o n s .
*
P r o o f : U sing  t h e  p r e v i o u s  n o t a t i o n  l e t  B1 = dR and f ^
be t h e  fo rm  a s s o c i a t e d  w i t h  R. E i t h e r  f ^  i s  p . p .  o r  i . p
In  t h e  f i r s t  c a s e  f ^  h a s  d i s c r i m i n a n t  *4 mod 32 and in
t h e  second  t h e  p . p .  fo rm  a s s o c i a t e d  w i th  f ^  h a s  odd 
d i s c r i m i n a n t . Suppose t h e r e  does  e x i s t  a m a t r i x  Q 
s a t i s f y i n g  t h e  c o n g ru e n c e  Q ■ -KRK' mod dc and | q | = c . 
Then q t h e  fo rm  a s s o c i a t e d  w i t h  Q i s  e i t h e r  p . p .  o r  
i . p .  and l i k e  f ^  h a s  o n ly  ( q | p )  where p | c  a s  a 
g e n e r i c  c h a r a c t e r .
L e t  u s  now assume f ^  i s  p . p .  and q i s  p . p .  . The
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2 2 t  sm a t r i x  c o n g ru e n c e  th e n  y i e l d s  - x  ■ k ^ w  = k ^ z p  mod p f o r
p | c ,  p odd .  T h is  i m p l i e s  ( - q | p )  *» ( f ^ J p )  f o r  p | c ,  p odd .
Then however ^ ( q l p )  = j M - l I p )  ( ^ I p )  * ( - i M ^ j M f - J p )  = - 1 .
So no such  q can s x i s t .
L e t  u s  now suppose  t h a t  f ^  i s  p . p .  and q i s  i . p .  .
2 2 t  sOur m a t r i x  co n g ru en c e  t h e n  y i e l d s  - 2x a k ^ w  = k ^ 2zp mod p
f o r  p | c .  T h e r e f o r e  ( - 2q | p )  = ( f ^ l p )  ^ o r  p l c * Then
P (q|p)  -  P ( - a l p U f J p )  -  ( - 2 | c )  P ( f j p )  -  -1-
p | c  p | c  p | c
So no  such  q e x i s t s .
I f  we su p p o se  t h a t  q i s  p . p .  and t h a t  f ^  i s  i . p .  o r  
t h a t  h o t h  q and f ^  a r e  i . p .  t h e n  by  a p p l y i n g  t h e  methods 
u se d  i n  t h e  o t h e r  c a s e s  we s e e  t h a t  q does  n o t  e x i s t .
Theorem 9 : L e t  b 1 = d 2c ,  c = 2wc '  where ( c ' , 2 ) = 1 and
w > 2 . Then t h e r e  a r e  no p r i m i t i v e  r e p r e s e n t a t i o n s .
P r o o f : I f  we suppose  t h a t  Q e x i s t s  t h e  co n g ru en c e
im m e d ia te ly  y i e l d s  ( - l | q )  = — (—1 1 f ^ ) and ( q | p )  = ( - l |p )  ( f ^ |  1) 
f o r  p | c .
L e t  us  now c o n s i d e r  t h e  c a s e  where w i s  e v e n . The 
l e f t  hand s i d e  o f  t h e  p r o d u c t  r e l a t i o n  becomes 
c » + l  c ' + l
( - i | q r z ~ p ^ i j q l p )  ( - 1 | C )  p ( r ^ p )  =
( - l ) c = - 1 . So no su ch  q e x i s t s  when w i s  e v e n .
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In  t h e  c a s e  where  w i s  odd, w > 3 * From t h e  
co n g ru en c e  we see  t h a t  i f  q r e p r e s e n t s  m mod 8 ,  m odd 
th e n  f ^  r e p r e s e n t s  an i n t e g e r  m1 mod 8 su ch  t h a t  
m ■ -m* mod 8 .  From t h i s  we see
m «Li m1 2- l
( 2 | q )  -  (2 |m ) -  ( - 1 )  H = ( - 1 )  B = ( 2 | f i )
c ' + i
So n  ( q | p ) ' ( 2 | q ) - ( - l | q ) _ 5  *
p | c '
c 1+1 c *+1
( - i l c )  • n  ( f 1 | p ) - ( 2 | f 1 ) . ( - i ) — 5" . ( - i | f 1 )- r ~ - - 1 .
So no such q e x i s t s .
Theorem 1 0 : L e t  b 1 = d 2c ,  c = 2c 1, ( c ' , 2 ) = ( d , 2 ) = 1 .
Then h a s  p r i m i t i v e  r e p r e s e n t a t i o n s .
P r o o f : S in c e  2 || c we can t a k e  R ■ [jjj q] mod 2 . L ik ew is e
we can  assume i f  jQ| = |R |  t h a t  Q a R mod 2 . So
Q a -KRK1 mod 2 i s  s o l v a b l e  w i t h o u t  any r e s t r i c t i o n s  on t h e
g e n e r i c  c h a r a c t e r s  o f  Q. F o r  o u r  co n g ru en c e  t o  be s o l v a b l e  
module c '  we r e q u i r e  o n l y  t h a t  ( q | p )  = ( - l l p ) ( f 1 |p ) *  On 
exam in in g  t h e  p r o d u c t  r e l a t i o n  we see  t h a t  Q h a s  g e n e r i c  
c h a r a c t e r s  w i t h  r e s p e c t  t o  2 a p p e a r i n g  t o  t h e  f i r s t  pow er .  
T hese  can be a d j u s t e d  t o  s a t i s f y  t h e  p r o d u c t  r e l a t i o n  and 
g u a r a n t e e  t h e  e x i s t e n c e  o f  Q such  t h a t  Q a -KRK' mod dc 
f o r  some K.
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Theorem 1 1 : L e t  b- d2c ,  c -  2 c ’ , ( c 1, 2) = 1 and 2||  d .
Then can be  p r i m i t i v e l y  r e p r e s e n t e d .
P r o o f : L e t  u s  f i r s t  c o n s i d e r  c 1 ■ 1 mod 4 . Then ( - 2 | t )
i s  t h e  o n ly  k in d  o f  g e n e r i c  c h a r a c t e r  w i t h  r e s p e c t  t o  2 
t h a t  e i t h e r  Q o r  R can p o s s e s s  where |Q| = c .  Let  u s  
r e s t r i c t  Q f u r t h e r  by  r e q u i r i n g  t h a t  ( - 2 | q )  = ( - 2 1 ^ ) .  
Then i t  i s  w e l l  known t h a t  q and f
odd numbers mod 4 . So l e t  u s  assume Q s  R




where ra^m,, m 1 mod 4 . The c o n g ru en ce  Q m -KRK' mod 4
2 2
y i e l d s  -m ■ + mod 0 * k ^ k ^ m ^  + 2k12k 22Pii mod4
and 2m1 ■ k ^ n ^  + 2k22 mi mod 14 • I f  we choose
L11 L12 L22 1 mod 4 and k 21 2 mod 4 t h e n  t h i s  sys tem
o f  co n g ru e n c e s  i s  s a t i s f i e d .  I f  we f u r t h e r  r e q u i r e  
(—X | p ) ( q | p )  = ( f 1 | p )  t h e n  t h e  m a t r i x  cong ruence  
Q m -KRK1 mod p s h as  s o l u t i o n s  where p s || c 1 .
The l e f t  hand s i d e  o f  t h e  p r o d u c t  r e l a t i o n  becomes 
( - 2 | q ) p jlc ( q | p )  = ( - 21^ )  n  . ( - I I p X ^ I p )  =
( - 2 | f - . ) ( - 1 1 c 1 ) n ( f l i p )  = 1 . So a form q w i th  t h e  n e c e s s a r y  
p | c ’ x
v a l u e s  o f  i t s  g e n e r i c  c h a r a c t e r s  e x i s t s .
L e t  Q 2m, and R ■ [ o 1 2 t s] mod 4
where m^m,, ■ t j t , ,  ■ c 1 * 3 mod 4 . Our co n g ru en c es  th e n
2 2
become -n ^  m k ^ ^  + 2k12t 2 mod 1 k l l k 2l t l  + 2k12k 22t 2 mod4 ,
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2 2
2m2 * ^21^1 + 2^22^2 mod ml  ^ ^1 mod ^  t h e n
k12 "  k 21 * 0 and k l l  * k 22 * 1 mod ^  i s  a s o l u t i o n .  I f  
m1 m t ^  mod 4 t h e n  k ^  •  k ^ 2 ■ k g 2 a 1 and k g i  * 2 mod 4 
i s  a s o l u t i o n .  I f  we a l s o  r e q u i r e  ( - l | p ) ( q | p )  * ( ^ j j p )  t h e n  
t h e  m a t r i x  c o n g ru e n c e  i s  s o l v a b l e  mod p s where p s || c ' .
On ex a m in in g  t h e  p r o d u c t  r e l a t i o n  we s e e  t h a t  ( 2 |q )  o c c u r s  
t o  t h e  f i r s t  p o w er .  S in c e  we hav e  made no r e q u i r e m e n t s  on 
Q r e g a r d i n g  t h i s  c h a r a c t e r ,  i t  can  be a d j u s t e d  t o  make t h e  
l e f t h a n d  s i d e  e q u a l  t o  1 and t h u s  g u a r a n t e e  t h e  e x i s t e n c e  
o f  q .
Theorem 1 2 : L e t  b̂  ̂ = d2c ,  2 1| c ,  c -  2c ' ,  2^)1 d and t > l .
Then t h e r e  a r e  no p r i m i t i v e  r e p r e s e n t a t i o n s .
P r o o f : C o n s id e r  Q a -KRK' mod 8 .  I f  q r e p r e s e n t s  m mod 8
t h e n  f ^  r e p r e s e n t s  -m mod 8 .  A lso  i t  i s  e a s i l y  shown t h a t
( 2 |m) = ( 2 |-m )  and t h a t  ( - l | m )  = - ( - 1 1- m ) . We a l s o  know
t h a t  ( q | p )  = ( - l | p ) ( f 1 | p )  f o r  p | c '  o r  e l s e  we have  no
s o l u t i o n  t o  t h e  m a t r i x  c o n g r u e n c e .  On ex a m in in g  t h e  l e f t
hand  s i d e  o f  t h e  p r o d u c t  r e l a t i o n  we se e  t h a t
c 1+1 c ■+1
( 2 | m ) ( - l | m )  * ( 2 | - m ) [ - ( - l | - m ) ] .
c ’ +1
n ( - i | p ) . ( f  |p)  = ( a l - m M - i l - m f 5 - . n  ( - i | r x ) -
p jc *  1 p | c ’
= l « ( - l ) c '=  - 1 . So q d o e s  n o t  e x i s t .
We w i l l  now d e t e r m in e  t h e  number o f  p r i m i t i v e
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r e p r e s e n t a t i o n s  o f  a fo rm .  L e t  r^ [B ^ :m ]  be t h e  number o f
p r i m i t i v e  r e p r e s e n t a t i o n s  such  t h a t  3 2 (Tl )  = m* Then
from P r o f e s s o r  P a l l ’ s a r t i c l e  [ 4 ] we see  t h a t  
n / GJ \
r i J B . , : ! ]  = w .E, p 'tt— 1 where  u ,  i s  t h e  number o f
^  J *1 J J
u n im o d u la r  au tom orphs  o f  G^,p(G^) d e n o t e s  t h e  number o f
# 4
s o l u t i o n s  K o f  KB1KI a  -Gd mod b̂  ̂ wh ich  a r e  i n c o n g r u e n t  
modulo B^, w i s  t h e  number o f  u n im o d u la r  au tom orphs  o f
and G1 , . . . , G n i s  a c o l l e c t i o n  o f  m a t r i c e s  one f rom 
each  c l a s s  o f  t h e  a l l o w a b l e  s o l u t i o n  g e n e r a .  Our p ro b lem  
i s  now t o  d e t e r m in e  p(G*^).
F i r s t  l e t  u s  d e t e r m in e  t h e  number o f  s o l u t i o n s  K o f  
G ■ -KB^K1 mod b^  f o r  a f i x e d  G w i t h  K d e t e r m in e d  
modulo b ^ . U s ing  t h e  same n o t a t i o n  a s  b e f o r e  we w i l l  
c o n s i d e r  Q a -KRK’ mod d c .  I t  sh o u ld  be  r e c a l l e d  t h a t  
p s || d c ,  p^H c ,  0 < t  < s ,  s 0 and p 28"^!! b ^ .  The l e t t e r  p 
w i l l  d e s i g n a t e  an odd p r im e .
We w i l l  n eed  t h e  f o l l o w i n g  lemmas.
Lemma: ( x 2 + m |p )  = - 1  f o r  P~(gft l P)
1 fo r  p - a - M p )
0 f o r  l + ( - m | p )
v a l u e s  o f  x mod p when (m,p) = 1 .
p p
P r o o f : C o n s id e r  m a y - x  a ( y - x ) ( y  + x )  mod p . L e t
u  = y - x ,  v = y + x .  Then t h e r e  e x i s t  p - 1  o r d e r e d  p a i r  
u , v  such  t h a t  m a uv mod p .  T h e r e f o r e ,  s i n c e  u a y - x ,
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v * y  + x i s  s o l v a b l e  f o r  x and y ,  t h e r e  e x i s t  p - 1
o p
o r d e r e d  p a i r s  x , y  su ch  t h a t  m + x a y  mod p .  However 
t h e r e  a r e  1 + ( -m |p )  v a l u e s  o f  x such  t h a t  y 2 i s  0 i n
t h i s  s e t . So t h e r e  a r e  p - 1  -  [ 1 + ( - m |p ) ] = p -  2 -  ( - m | p )
2 2s e t s  o f  o r d e r e d  p a i r s  x , y  su ch  t h a t  m + x m y  mod p and
y  |  0 . A lso  f o r  e a ch  x t h e r e  a r e  two y ' s j -  y  . So t h e r e
a r e  P"?~ L~.mlp )  v a l u e s  o f  x such  t h a t  (x2 + m |p )  = 1 .
S in c e  t h e r e  a r e  o b v i o u s l y  l + ( - m | p )  v a l u e s  o f  x f o r
w hich  (x 2 + m |p )  = 0 we have  p -  ^P * 2 - ( -m | p )  + i + ( - m| p ) ]  =
P~ ( ~ ^ |p )  v a l u e s  o f  x f o r  which  (x 2 + m |p )  = - 1 .
Lemma: ( a x 2 + m |p )  -  - 1  f o r  p- ( - g » I P )  -  M g lp )
!  f o r  p - ( - a m | p )  l + ^ a | p )
0 f o r  1 + ( - a m |p )  
v a l u e s  o f  x mod p where ( a , p )  = (m,p) = 1.
P r o o f : We f i r s t  o b s e rv e  t h a t
( a \ 2 + m |p )  = ( a | p )  (X2 + am |p)  =
- ( a | p )  f o r  P ~ ( ^ aml p ) v a l u e s
and ( a | p )  f o r  P“ 2~ t ^ aml P ) v a l u e s  o f  x mod p .  Comparing
t h i s  l a s t  s t a t e m e n t  w i th  t h e  s t a t e m e n t  o f  o u r  lemma we see
t h e  two s t a t e m e n t s  a r e  t h e  same in  t h e  two c a s e s  ( a | p )  = 1
and ( a | p ) = - 1 .
Lemma: L e t  f [ - x , p s ] be  t h e  number o f  s o l u t i o n s
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o f  ■ - x  rood p s . I f  t  ^  0 t h e n
f [ - X j P S ] * 2p 8 o r  0 . I f  t  = 0 , s ^ 0 t h e n  f [ - x , p s ] = 
p S_1[ p - ( - w z | p ) ]  o r  0 where ( x ,p )  = (w,p)  = ( z , p )  = 1 .
P r o o f : Assume f i r s t  t h a t  f [ - x , p 8 ] ^ 0 . C o n s id e r  t h e  c a s e
where  t  ^  0 . Then (w |p )  « ( - x | p ) .  R e w r i t i n g  o u r  co n g ru en c e
2 2 t  sa s  k ^ w a  - x  -  k ^ 2 zp mod p we see  t h a t  f o r  k 12 a f i x e d
r e s i d u e  t h e r e  a r e  two ku  ’ 8 w hich  s a t i s f y  t h e  c o n g r u e n c e .
So t h e r e  a r e  2p s s o l u t i o n s .
In  t h e  c a s e  where t  = 0 t r a n s f o r m  t h e  c o n g ru e n c e  i n t o
2 2 sk a - x  -  ah mod p where  k * a = wz and h = k 1 2 .
T h e re  a r e  P" ( ^ ^ Ip ) -  ( l + ( " a | p ) )  v a l u e s  o f  h mod p which  
2 1make ( -x  -  ah | p )  = 1 . So t h e r e  a r e
2ps ~1[ P * (~ a x IP) -  ( 1 + ( - a. lE ). l ]  v a l u e s  o f  h , k  mod p s w i t h
k ^ 0 mod p which  s a t i s f y  t h e  c o n g r u e n c e .
I f  p | k  we m ust  have  ( - a x | p )  « 1 . Any such  k y i e l d s
s* 12 h ’ s and t h e r e  a r e  p such  k ’ s .  So we have
2 p 8" 1 [ ^+ (g3XlP ) ] p a i r s  h , k  where p | k .  On a d d in g  we g e t  
p 8 - 1 [ p - { - a | p )] = p S_1[ p - ( - w z | p ) ] s o l u t i o n s .
Theorem 1 3 : L e t  t  ^ 0 , t  < s .  Then t h e r e  a r e
2 p ^ 8" ^  f [ - x , p 8 ] s o l u t i o n s  o f  5 ) ,  6 ) ,  and 7 ) where K i s
d e t e r m in e d  mod p 2 s - t .
P r o o f : L e t  ^11*^12 a so ^u^^-on o f  5 )* Then k ^  ^ O m o d p  .
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- z  p ^12^22 s
On c o n s i d e r i n g  7 ) we see  t h a t  kg^ ■ ----- £— ~------ mod p .
So k 21 i s  d e te rm in e d  by  k ^ ^ k ^  and kgg .  By 6)
z S ^ k ^ g  g  t  2  t
 2— —  kgg + z p kgg ■ -yp  mod p o r
k u  w
k2 z Vo  o  ** P a t
k« 0[—   + z] ■ - y  mod p '  . So we must have (k pp, p ) = l .
k w K11 w
, 2  2 tk ,  pz p
L e t  C = —=%------- + z .  Then (C ,p )  = 1 and ou r  congruence
k u w
becomes C k | g «  - y  mod p 8' ^ ,  S in ce  (C |p )  <* ( z | p ) =  ( - y | p )  we
S “ t  thave two s o l u t i o n s  kgg mod p So we have 2 p s o l u t i o n s
kgg mod p s f o r  each  p a i r  k^1 , k 1 g. T h e r e f o r e  we have
2 p ^ f  [ - x , p s ] s o l u t i o n s  w i th  K d e te rm in e d  mod p s b u t  K
sh o u ld  be d e te rm in e d  mod p 2s” ^ .  C o n s id e r  k + qps where
g +* S ™ tq = l , . . . , p  . T here  a r e  p such  numbers in c o n g ru e n t
9 Q^f Q
mod p b u t  c o n g ru e n t  mod p . T h e r e f o r e  s i n c e  K
s ^  Xfh a s  f o u r  e l e m e n t s , f o r  any s o l u t i o n  mod p we have p
s o l u t i o n s  mod p 2 s _ t . So we have 2 p ^ p ^ 8-^  f [ - x , p s ] =
2 p ^ 8 - ^  f  [ - x , p s ] s o l u t i o n s  mod p 2 s _ t .
Theorem 1 4 : F o r  t  = s ip 0 t h e r e  a r e  p s f [ - x , p s ] s o l u t i o n s  K
pg^ 4*
o f  5 ) ,  6) and 7 ) w i th  K d e te rm in e d  mod p
P r o o f :  L e t  k ^ ,  k^g be a s o l u t i o n  o f  5 ) .  Then ( k ^ ^ p j s l ,
g
On exam in ing  7 ) we see  t h a t  k ^ k g ^ w  ■ 0 mod p . So
e g
kg-^ m 0 mod p . Then 6) r e d u c e s  t o  0 * 0  mod p . So kgg
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h a s  no r e s t r i c t i o n s  and t h e r e  a r e  p Sf [ - x , p s ] s o l u t i o n s  
K mod p s . S in c e  2s -  t  = s t h e r e  a r e  p s f [ - x , p s ] s o l u t i o n s  
mod p 2 s - ^ .
Theorem 1 5 : F o r  t  ■ 0 , s 0 t h e r e  a r e  2p ^ s f [ - x , p s ]
s o l u t i o n s  o f  5 ) ,  6) and 7 ) w i th  K d e te rm in e d  mod p ^ 8” *'.
P r o o f ; L e t  be a so lu , t io n  o f  5 )* 006 o f  t h e s e  must
be  p r im e t o  p ,  say  examl n i n g  7) we see  t h a t
k 21 ■ -  k i 2k 22z mo(i p 8 ‘ Then f rom 6 )
w* n
2 2 2 2 s
k 22 z t k i 2 z +  k l l  w 1 •  k 22 ^“x z  ̂ * ”y mod P * S in c e  t h e
c o e f f i c i e n t  o f  kgg i s  p r im e  t o  p we have two s o l u t i o n s
kgg mod p s . An e q u i v a l e n t  p r o c e d u r e  shows t h a t  we have two
s o l u t i o n s  i f  p | k ^  and p f  ^12* T h e r e f o r e  we have
2f [ - X j p s ] s o l u t i o n s  K mod p 8 , b u t  a g a in  we need  t h e  number 
2smod p . U sing  t h e  same p r o c e d u r e  a s  b e f o r e  we see  t h a t  we 
have 2p ^ s f [ - x , p s ] s o l u t i o n s  K w i th  K d e te rm in e d  mod p 2s“ ^ .
Theorem 16 : For  d « 2 mod 4 and c m 1 mod 4 t h e r e  a r e
2^ s o l u t i o n s  K o f  G ■ -KB^K1 mod 4 w i th  K d e te rm in e d  mod 4 .
P r o o f ; S in c e  c i s  odd we can c o n s i d e r  Q « R «  [ J  J ]  mod 2 .
S in c e  2 1| dc we w i l l  c o n s i d e r  Q ■ KRK* mod 2 . T h is  y i e l d s
2 2 2 2 t h e  c o n g ru en c es  k 11 + k^g ■ 1,  k 21 + kgg ■ 1 and
^21^11 + ^12^22 ^11' ^12 one *'*ie ^w0 so lu tio n s
27
t o  t h e  f i r s t  c o n g r u e n c e .  One o f  k ^  and k^g  i s  p r im e  t o  2
and t h e  o t h e r  i s  n o t .  I f  k ^  i s  p r im e  t o  2 t h e n  kg^
i s  d e t e r m in e d  f rom  t h e  l a s t  c o n g ru e n c e  where i  ■ 1 o r  2.
The l a s t  k i s  t h e n  d e t e r m in e d  from  t h e  t h i r d  c o n g r u e n c e .
So we have 2 s o l u t i o n s  K mod 2 and 2^ s o l u t i o n s  K w i t h  
K d e t e r m in e d  mod 4 .
Theorem 1 7 : F o r  c * 2c 1, ( d , 2 ) = ( c 1, 2 ) *= 1 , t h e r e  a r e
4 s o l u t i o n s  K o f  G a -KB^K* mod 2 w i t h  K d e t e r m in e d  mod 2 .
P r o o f : S in c e  2 || c ,  Q and R can be  t a k e n  c o n g r u e n t  t o
1 0  2 [q  q] mod 2 . Our c o n g ru e n c e s  t h e n  become k ^ 1 a l , k ^ k g ^ a O
2
and k 21 a 0 mod 2 . So k l l  and kg^ a r e  d e t e r m in e d  and we 
have  two c h o i c e s  f o r  e a c h  o f  k^g  and kgg .  So t h e r e  a r e  
4 s o l u t i o n s  K.
Theorem 1 8 : F o r  c a d a 2 mod 4 t h e r e  a r e  2^ s o l u t i o n s  K o f
G ■ -KB^K' mod 8 w i th  K d e t e r m in e d  mod 8 .
m, 0
P r o o f : On exam in in g  c we se e  t h a t  we can t a k e  Q s  [q  2m ^
Qt ^ ^
and R * [q  g^ ] mod 4 . Our co n g ru en c e  Q s  KRK' mod 4
2 2 2 
t h e n  can  be  e x p r e s s e d  a s  - n ^  a + 2k^gqg mod 4 ,
O O
2m2 a kg^q^ + 2kggqg mod 4 and 0 ■ k 11k g l q1 + 2k12k22q2 mod 4 . 
L e t  k ^ f k 12 be  a s o l u t i o n  o f  t h e  f i r s t  o f  t h e s e .  Then
( k i i , 2 ) -  1 . On c o n s i d e r i n g  t h e  l a s t  we s e e  t h a t
2 k i2 k p 2 <l2 ikg^ a — ^—  ------ mod 4 . So 2 |k g ^  and t h e  m id d le  c o n g ru en c e
J- -L X p
r e d u c e s  t o  2mg a  2kggqg .  T h i s  i m p l i e s  t h a t  kgg i s  odd .  So
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we have  2 s o l u t i o n s  o f  t h e  sy s tem  f o r  e a c h  s o l u t i o n  o f  t h e  
f i r s t  c o n g r u e n c e .  T h e r e f o r e  s i n c e  t h e  f i r s t  co n g ru en c e  h a s  
4 s o l u t i o n s  mod 4 we have  8 s o l u t i o n s  K w i t h  K d e t e r m in e d  
mod 4 and 2  ̂ s o l u t i o n s  K w i t h  K d e t e r m in e d  mod 8 .
On exam in ing  t h e  l a s t  few th e o re m s  we se e  t h a t  t h e
#
number o f  s o l u t i o n s  K o f  G ■ -KB^K' mod b^ depends  o n ly  on
*
o r d i n a l  i n v a r i e n t s  o f  G and and t h e r e f o r e  o n ly  on
o r d i n a l  i n v a r i e n t s  o f  B^. L e t  S (b^ )  d e n o te  t h e  number o f
*
s o l u t i o n s  K o f  G » -KB1K' mod b 1 where B1 i s  a 
r e p r e s e n t a b l e  m a t r i x ,  G i s  a f i x e d  m a t r i x  a s s o c i a t e d  w i th  
B^ by  o u r  a l g o r i t h m  and K i s  d e t e r m in e d  mod b ^ .  L e t  
s ( p ) ,  p odd, d e n o te  t h e  number o f  s o l u t i o n s  mod p 28"*' wh e r e
Oq 4-
K i s  d e t e r m in e d  mod p ” . Le t  e { 2 ) d e n o te  t h e  number o f  
s o l u t i o n s  mod 2r  where  2r || b ^ .  As u s u a l  p ^ S -^ | |  b ^ ,  
pS—1 1| ^  p t  || pSj| £C an(j  <jhe r e s u i t s  o f  t h e
p r e c e e d i n g  th e o re m s  can t h e n  be co m p i led  i n  t h e  f o l l o w i n g
th e o re m .
Theorem 19 : We have  Sfb-,) = e f 2 ) JI s ( p )  where
P i * !
s ( p )  = 2^p^s “ ^  f o r  t  4s 0* t  < s
2p2s f o r  t  = s ^ 0
2p^s “ ^ [p  -  (—c (p )]  f o r  t  « 0 ,  s  ^ 0
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and c ( 2 ) 1 for b1 i  1 mod 4 or b1 a 3 rood 8
25 for c e l  mod 4, d a 2 mod 4
22 for c a 2 mod 4 , d odd
2? for c a 2 mod 4, d a 2 mod 4 .
L e t  K and G s a t i s f y  G a -KB^K' mod b ^ .  S in c e  
B1®1 * K 8 a t i s f i e s  t h e  cong ruence  so  does K + H'B^
w i t h  H^2* 2 ) any I n t e g r a l  m a t r i x .  These  m a t r i c e s  a r e  s a i d  t o  
form a r i g h t  s i d e d  r e s i d u e  c l a s s  modulo and two o f  them In  
t h e  same r i g h t  s i d e d  r e s i d u e  c l a s s  a r e  s a i d  t o  be c o n g ru e n t  
mod B^ o r  r i g h t  c o n g ru e n t  mod B ^  T h e r e f o r e  in  o r d e r  t o  
d e te rm in e  t h e  number o f  s o l u t i o n s  t o  t h e  cong ruence  w i th  
K d e te rm in e d  mod B^ we need  t o  know how many K + H, B1 ' s  
we have w i th  H d e te rm in e d  mod b 1>
Theorem 2 0 : L e t  B-̂  be a m a t r i x  which i s  p r i m i t i v e l y
2k kr e p r e s e n t a b l e .  T here  a r e  p s o l u t i o n s  M o f  MB^aO mod p
Ip * -
when p || b ^ . F u r th e rm o re  i f  S(B1 ) i s  t h e  number o f  s o l u t i o n s  
*
o f  G a -KB^K' mod b 1 w i th  K d e te rm in e d  mod B^ th e n
S (b x )
S ^ )  « — .
b l
P r o o f :  L e t  b̂  ̂ b e  an e x c e p t a b l e  d e t e r m i n a n t .  L e t  p be
any p r im e  such  t h a t  p | b ^ .  Then B^ can be t a k e n  c o n g ru e n t
t o xp1 o l
0 y p j
K. iC IImod p when p || b^ and i  + J = k .  On
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c o n s i d e r i n g
B 1 m s




mod p we g e t  t h e
yp:'
co n g ru e n c es  m^xp* a m^xp* ■ nLjyp^ * n^yp^ m 0 mod p ^ .  
T h e r e f o r e  we want p^lm^, P^lm^, and So we
have p 1 a c c e p t a b l e  v a l u e s  o f  m1 , p* a c c e p t a b l e  v a l u e s  o f
m^, p*̂  a c c e p t a b l e  v a l u e s  o f  m2 and p^ a c c e p t a b l e  v a lu e s
2ko f  m^. So t h e r e  a r e  p s o l u t i o n s  M.
The l a s t  p a r t  o f  t h e  th eo rem  becomes o b v io u s  when we
2o b s e rv e  t h a t  any s o l u t i o n  K h as  b^ m a t r i c e s  K + H'B^ 
a s s o c i a t e d  w i th  i t .
n frJL e t  us  now r e c a l l  t h e  fo rm u la  r,r1) [ b 1 : l ]  -  Wj| lP  < |U .  •
We see  from t h e  p r e c e d i n g  th eo re m s  t h a t  p(G^) = S(B^) f o r  
j  = l , . . . , n .  Also  we know t h a t  w = 192 and t h a t  s i n c e  a l l  
t h e  G*̂  b e lo n g  t o  t h e  same o r d e r ,  u^ = u 2 = . . .  = un • T h e re ­
f o r e  r ^ [B 1 : l ]  = 192 •S (B 1 )* £  where u = u 1 = . . .  = un .
Theorem 2 1 : Let  R be a p r i m i t i v e  m a t r i x  o f  a form which
t l  t shas  p r i m i t i v e  r e p r e s e n t a t i o n s .  Le t  |R |  = c = p, . . ,p .-L s
Let  d be an i n t e g e r  such  t h a t  dR h as  p r i m i t i v e
nw+l n s n kr e p r e s e n t a t i o n s  and d = Pw+ i  * • • •  P s * •** P^ • Then
1 ) S(dR) = 2^* d • n  [1  -  C- e | p )] y ^he numb e r  Qf
p f q  P
odd p r im es  i n  d p l u s  t h e  number o f  odd p r im e s  i n  c (some 
p r im es  may be c o u n te d  t w i c e )  and q i s  t h e  p r o d u c t  o f  t h e
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o d d  p r i m e s  p s u c h  t h a t  p | d  b u t  p  f  c .
2)  r - J d R j l ]  = 192*77 * d * 2y * II [ 1  - C l £ i E ) ]
4 u P | q  P
3)  r ^ [  dR: 1] = r ^ [  R: 1]  *d* 2* 1 -  ( z £ i £ > ]
when x  i s  t h e  n u m b er  o f  odd  p r i m e s  i n  d .
P r o o f ; L e t  u s  f i r s t  d e t e r m i n e  S ( d R ) .
C ase  1:  d o dd  a n d  c o d d .  From  T h e o re m s  19  a n d  20
2
we s e e  t h a t  S (d R )  «= =
d c
w 2 t . s  o ^ * + 5 ^ 4  k  5n-i / c l  ^
.ng  s ( P ) = n 1 * n 2 %  1 i * U 2p ± 1 [ i - ( c ' p i ) ]
P j j d ^ c  1 1 1 w+1 1 s+1 1
• [ n P̂ 1 • n p f ^ 1 ] " 1 = 2k + s " w *d • n [1  - (- c IPj)] an d  1) 
w+1 1 1 1 s+1
i s  p r o v e d  i n  t h i s  c a s e .
C a se  2; c o dd  a n d  d e v e n .  L e t  = 2 t h e n  n ^  m u s t  b e  1
o r  e l s e  dR h a s  n o  p r i m i t i v e  r e p r e s e n t a t i o n s .  Then  we s e e
2
f r o m  T h e o re m s  19 a n d  20 t h a t  S (dR )  -  ) =
d ^ c *
K w 2 t ,  s 2 t . + 5 n . k - 1  5 n ,  / - u  \
25-n 2p4 1 * n 2 p4 1 1 • n 2p4 i [ i - ( - c IPi)]
1  1  W+1 1  S + 1   7T-- -
h s k -1  w 2 t .  a 2 t .
• * n p ± 1 - n  p .  n P± 1 - n Pi 1 ] 1
w+1 1 s+1 1 1 1 w+1 1
?k + s -w - l  . ^ • J ^ [ l -  ] . T h e r e f o r e  1 ) i s  p ro v ed  i n  t h i s
s + l L
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c a s e ,
Case 3 : c even and d odd. Le t  p^ = 2 . Then f ^  must be
1 o r  e l s e  R h as  no p r i m i t i v e  r e p r e s e n t a t i o n s .  We th e n
S ' f d 2e^ 2 w 2t i  a o ^ i + ^ i  
have S(dR) -  g "  2 §  ^  * J ^ 2 p i
• ( - c l P i ) l  • d ‘ 4  • c‘ 2 - 2 l' +8‘ w* 1 - d  • n , [ l - ( - c | P 1 )]
e n  — P T "  “ T T "
and 1) i s  p ro v ed  in  t h i s  c a s e .
Case 4 : c even and d even .  Let  Pw+i  * 2 . Then
nw+^ = t w+^ -  1 . From Theorems 19 and 20 we have S(dR) =
2_\ 7 ^  2 t . s n 2 t ,+ 5 n ,  k -1  5^4
e { * v  ,  27 ^  ± . n * 9 i  . s „ i 2 P i  i t i .  ( . c ^ ) ]  .
d C P l
1
d " ^ c ” 2 = 2^+s“w" 2 • d • n  [ 1 -  ( - c l p i ) ]  and 1) i s  p ro v ed  in
s+1
p i
t h i s  l a s t  c a s e .
P a r t  2 ) o f  t h e  th eo rem  i s  an o bv ious  consequence  o f  
o u r  p r e v i o u s  work now t h a t  we have d e te rm in e d  S(dR ).
In o r d e r  t o  p rove  3 ) we must f i r s t  r e c a l l  t h a t  t h e
number o f  u n im o d u la r  outomorphs o f  G and dG a r e  t h e  same
and t h a t  t h e  number o f  c l a s s e s  in  t h e  genus  o f  G i s  t h e
same a s  t h e  number o f  c l a s s e s  i n  t h e  genus o f  dG. Then
m, y,
f rom 2 ) o f  t h i s  theo rem  we se e  t h a t  r t , [ R : l ]  »= 192 • —  ■ 2
1m .  ±
and r ^ J d R i l ]  = 1 9 2 *—  • d *2 • II f 1 -  f -  c | p ) where n u ,u ,
d P|  q P
and a r e  a s s o c i a t e d  w i th  R and dR r e s p e c t i v e l y
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a s  i n  o u r  p r e v i o u s  work,  i s  t h e  number o f  odd p r im e s  i n  
c and i s  t h e  number o f  odd p r im e s  i n  d p l u s  t h e
number i n  c . S in c e  ra  ̂ = m^ and u^ = u d we have
y l  ml  y d“ y lr 4 [ d R : l ]  = 192*2 x . - i  - d * 2 a 1 * n  [ 1 -  ( - c | p )]  =
1  P | q  P
r»,rR: 11 * d * 2* * n  T1 -  f - c | p ) l  where x i s  t h e  number o f
4  P | q  p
odd p r im e s  i n  d .
Theorem 2 2 : L e t  R be a p r i m i t i v e  m a t r i x  o f  a form which
h a s  p r i m i t i v e  r e p r e s e n t a t i o n s .  I f  ( d ^ ,d g )  = 1 t h e n
r JHdl d 2r : 1 l r 4 [ d l R : 1 l r 4 [ d 2R : *]
= r 4f ^ : T l  * r 4 [ R : l ]  *
P r o o f : T h is  th e o re m  f o l l o w s  im m e d ia te ly  f rom  Theorem 21
when we o b s e rv e  t h a t  t h e  x and q o f  3 ) i n  Theorem 21 
i n v o l v e s  o n ly  t h e  d i v i s o r  d .
CHAPTER I I
L e t  B be a 2x2 m a t r i x  and A be  an nxn m a t r i x .
L e t  be a r e p r e s e n t a t i o n  o f  B by A, I . e .  B = T^AT^.
As b e f o r e  we w i l l  d e s i g n a t e  t h e  g . c . d .  o f  t h e  second o r d e r  
d e t e r m i n a n t s  o f  T1 by 6g^Tl^  * In  most c a s e s  i t  i s  e a s i e r  
t o  deduce t h e  number o f  p r i m i t i v e  r e p r e s e n t a t i o n s  ( t h o s e  
i n  which  6 2^T1^ “ ^  t h a n  t h e  number o f  a l l  r e p r e s e n t a t i o n s .  
So what i s  d e s i r e d  i s  a c o n n e c t i o n  between t h e  two. H erm ite  
m a t r i c e s  l e a d  u s  t o  such  a c o n n e c t i o n .
L e t  us  now r e c a l l  some w e l l  known p r o p e r t i e s  o f  
H erm ite  m a t r i c e s  ( c . f .  [ 4 ] ) .
Theorem A: L e t  T^ be an nxk i n t e g r a l  m a t r i x  w i th
6^(T^) = u ,  1 < k < n .  Then T^ can be e x p r e s s e d  u n iq u e ly  
in  t h e  form T̂  ̂ = R^M when R^ i s  i n t e g r a l  and nxk,
6k (Ri)  = 1 , M i s  i n t e g r a l  and kxk, |m| = u  and M has  t h e
U1 u 12 . . .  u l k
form 0 u 2 . . .  u 2k , where
0 . . . • 0uk_
U1*u 2 * •••* uk = u * 0 < < u i  ( i  = 2 , . . . , k ;  j  < i ) .
M i s  c a l l e d  a H erm ite  m a t r i x  by row s .  I f  we r e p l a c e  
Tx by RjM in  T^AT^ * B we have m ' r ^ARM= B o r
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R^ AR|» M- 1  BM- 1 . On c o n s i d e r i n g  d e t e r m i n a n t s  we se e  t h a t  
| d e t e r m in a n t  o f  B. So t h e r e  a r e  o n ly  a f i n i t e  number o f  
M's which can be i n v o l v e d .  S in c e  R^AR^ i s  i n t e g r a l  th e n  
M BM must a l s o  be  i n t e g r a l .  T h e r e f o r e  t o  f i n d  a l l  t h e  
r e p r e s e n t a t i o n s  o f  B by A we need  o n ly  co u n t  t h e  number
i
o f  p r i m i t i v e  r e p r e s e n t a t i o n s  o f  M^BM” 1 f o r  each  M f o r
1 * p
which M BM i s  i n t e g r a l  and | m | d i v i d e s  | b | .
T h is  method o f  a t t a c k i n g  t h e  p ro b lem  can be  s i m p l i f i e d  
even f u r t h e r  t o  t h e  c a s e  when | m| i s  a power o f  a p r im e  by 
t h e  f o l l o w i n g  w e l l  known lemma.
Lemma: i )  Le t  m1 ,m2 be  coprim e i n t e g e r s .  An i n t e g r a l
m a t r i x  Q o f  d e t e r m i n a n t  n^m^ h as  a un iq u e  H erm ite  m a t r i x  o f  
d e t e r m in a n t  m2 a s  r i g h t  d i v i s o r .
i i )  I f  m ^m g,  . . . , m g a r e  copr im e in  p a i r s ,  a m a t r i x  Q o f  
d e t e r m in a n t  m ^ * . . .* m g can be  e x p r e s s e d  i n  one and o n ly  one 
way in  t h e  form . . .  *Mg when V i s  un im odu lo r  and 
M^Mg, . . . , M g a r e  H erm ite  m a t r i c e s  o f  d e t e r m i n a n t s
. . .  |Dig.
i i i )  I f  M ^ , . . . , M g a r e  H erm ite  m a t r i c e s  o f  d e t e r m i n a n t s  
m ^ , . . . , m s coprim e i n  p a i r s  t h e n  t h e  m a t r i x  Q o f  d e t e r m in a n t  
mjirig* . . .  *ms h a v in g  M̂  ̂ a s  i t s  r i g h t  d i v i s o r  o f  d e t e r m i n a n t  
m ^ i  = l , . . . , s )  i s  u n i q u e l y  d e te rm in e d  up t o  a l e f t  un im odu lo r  
f a c t o r .  Hence, i f  Q i s  an H erm ite  m a t r i x ,  i t  i s  u n iq u e .
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The t h i r d  p a r t  o f  t h i s  lemma i s  o f  p a r t i c u l a r  
s i g n i f i c a n c e  t o  t h i s  d i s c u s s i o n .  Q u i te  o f t e n  a l l  forms in  
a g iv en  genus  have t h e  same number o f  p r i m i t i v e  
r e p r e s e n t a t i o n s .  T h e r e f o r e  i t  would be t o  o u r  a d v a n ta g e  t o
know f o r  how many M's such  t h a t  | m | 2 d i v i d e s  | b | and
- l 1 - 1  - I 1 -1M BM i s  i n t e g r a l  does  M BM l i e  in  a genus  c a p a b le
o f  p r i m i t i v e  r e p r e s e n t a t i o n . We r e c a l l  t h a t  two q u a d r a t i c
forms a r e  i n  t h e  same genus  i f  t h e y  have t h e  same i n d e x ,
d e t e r m i n a n t ,  and d i v i s o r ,  and a r e  in  t h e  same c l a s s  w i th
r e s p e c t  t o  p f o r  e v e ry  p r im e  p d i v i d i n g  t h e  d e t e r m in a n t
and f o r  p = 2 . A lso  we sh o u ld  r e c a l l  t h a t  t h i s  p - c l a s s
i s  i n v a r i e n t  u n d e r  i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e t e r m in a n t
p r im e  t o  p .  Le t  Mp d e n o te  t h e  H erm ite  r i g h t  d i v i s o r  o f
M whose d e t e r m i n a n t  i s  t h e  l a r g e s t  power o f  p d i v i d i n g
— l * — l
IM| . I t  f o l l o w s  t h a t  t h e  p - c l a s s  o f  M“ BM" i s  t h e
_ i 1 _ i
same a s  t h e  p - c l a s s  o f  Mp B Mp . From p a r t  3 o f  t h e  lemma
we se e  t h a t  t h e  number o f  H erm ite  m a t r i c e s  M o f  d e t e r m i n a n t
^1 ^ s  - l 1 -1P l  ■ . . .  • p s such  t h a t  M BM l i e s  i n  a p a r t i c u l a r
genus i s  t h e  p r o d u c t  o f  t h e  number o f  H erm ite  m a t r i c e s
_ i 1
Mp f o r  which Mp BMp l i e s  i n  t h e  p^ c l a s s
d e t e rm in e d  by  t h a t  g e n u s .  T h e r e f o r e  i t  would be b e n e f i c i a l  
f o r  u s  t o  know f o r  a f i x e d  k ,  how many H erm ite  m a t r i c e s  M
k _ i 1 _ 1
o f  d e t e r m i n a n t  p e x i s t  such  t h a t  M„ B M„ i s  in  a
P P
p - c l a s s  o f  a p a r t i c u l a r  g e n u s ,  o r  s a i d  a n o t h e r  way, we would 
l i k e  t o  know t h e  number o f  H erm ite  m a t r i c e s  M„ w i th
I
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k - l '  - 1d e t e r m i n a n t  p which make Mp B have a p a r t i c u l a r  power
o f  p a s  d i v i s o r  and make t h e  form a s s o c i a t e d  w i th  
- l 1 - 1Mp B Mp have a f i x e d  v a lu e  o f  t h e  g e n e r i c  c h a r a c t e r s  
mod p and mod 2.
In  s e a r c h i n g  f o r  a method o f  c o u n t in g  t h e s e  Mp's 
c e r t a i n  c a s e s  become im m e d ia te ly  o b v io u s  a s  h a v in g  t o  be 
c o n s i d e r e d  s e p a r a t e l y .  However c a r e f u l  r e - e v a l u a t i o n  o f  t h e  
methods o f  p r o o f  in v o lv e d  w i l l  show t h a t  c e r t a i n  s u b - c a s e s  
o f  t h e  f o l l o w i n g  th eo re m s  can be  combined. From t h i s  
a u t h o r ' s  p o i n t  o f  v iew however,  t h i s  may t e n d  t o  o b s c u re  how 
t h e  p r o o f s  were fo u n d .  So each  theo rem  i s  s t a t e d  i n  l a b o r i u s  
d e t a i l .
S in c e  M"1 BM- 1  = M* B M* , we
|m|
w i l l  conce rn  o u r s e l v e s  w i th  t r a n s f o r m a t i o n s  which a r e  H ermite  
by co lum ns.
Lemma: L e t  u =
r  „ a  Hp z
0 p®
a  + 3 =
Then i f  f  i s  e q u i v a l e n t  t o  g ,  t h e  number o f  forms w i th  a 
g iv e n  d i v i s o r  and g e n e r i c  c h a r a c t e r  o b t a i n e d  from f  by 
a p p l y in g  t h e  t r a n s f o r m a t i o n s  i n  u i s  t h e  same a s  t h e  number 
o f  fo rm s w i th  t h i s  d i v i s o r  and g e n e r i c  c h a r a c t e r  o b t a i n e d  
f rom g by a p p l y in g  t h e  t r a n s f o r m a t i o n s  i n  u . 
p f : Le t  u = * F be t h e  m a t r i x  o f  f ,  G be
t h e  m a t r i x  o f  g and W an I n t e g r a l  m a t r i x  such  t h a t
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w'gW ® F, |w| * 1 . C o n s id e r  t h e  c o l l e c t i o n s  F
and « UjGU^, i  = l , . . . , t .  We know t h a t  f o r  each  Uj, 
t h e r e  e x i s t  u n iq u e  and such t h a t  € li, |VjJ = 1
and UlV l  -  WUj . So F^ = U^F Uj = Uj W'g WUj  =
U^G U± * v i Gi Vi • T h e r e f o r e  t h e  F^ a r e  e q u i v a l e n t  i n  
some o r d e r  t o  t h e  G^ and t h e  theorem  i s  p ro v e d .
From t h i s  lemma we see  t h a t  B can be c a n o n i c i z e d  
mod p t o  a l a r g e  power a s  i n  t h e  lemma p r e c e d i n g  Theorem 6 
o f  C h a p te r  I .
L e t  f  be a  p r i m i t i v e  form which can be d l a g o n a l i z e d  
modulo an a r b i t r a r i l y  l a r g e  power o f  2 . Le t  
U = {[2a  | | ] | a  + p * k , 0 < z <  2a ) where k i s  f i x e d .
We can t a k e  f  t o  be [ a J0 >c , 2m] where 2m+^ | |  d i s c r i m i n a n t
o f  f  , ( a , 2) = ( c ' , 2 )  = 1 ,  and ( a , p )  = 1 where
p |d e t e r m i n a n t  o f  f .  On a p p l y in g  a  t r a n s f o r m a t i o n  from U 
t o  f  we g e t  a 22ax 2 + ( a z 2a+ 1 )xy + ( a z 2 + c 122*i‘Hn) y 2 . L e t
t h e  c o l l e c t i o n  o f  a l l  such  form o b t a i n e d  from f  by
t r a n s f o r m a t i o n s  from li be d e s i g n a t e d  by 3̂ .  In  t h e
f o l l o w i n g  Zj i s  a lways  pr im e t o  2 and i f  we w r i t e
2 * 1 ^  and x i s  0 we mean (2,  z)  = 1.
. lr_ 1
Theorem 1 : F o r  m f  0 t h e r e  a r e  2 forms in  3̂  w i th
d i v i s o r  pr im e t o  2 which r e p r e s e n t  a mod 8 and a mod p ,  and 
2k” 1 more forms w i th  d i v i s o r  p r im e  t o  2 which r e p r e s e n t  a 
mod 2*n and a mod p .
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P r o o f : For  a  ■ 0 , we have z = 0 and t h e  form r e p r e s e n t s  a
mod 8 and mod p and h as  no d i v i s o r  w i t h  r e s p e c t  t o  2 . Now
suppose  a  ^ 0 . S in ce  m ^  0 * t h e  form h as  no d i v i s o r  w i th
r e s p e c t  t o  Z i f  ( z , 2 ) = 1 . There  a r e  201” 1 such
Prt.z ' s f o r  each  a  and t h e  forms r e p r e s e n t  a 2 mod p and a
mod 22^ +m. T h e r e f o r e  we have kE12a_1 = 2k_1-  1 forms
a = l
w i th  no d i v i s o r  w i th  r e s p e c t  t o  2 which r e p r e s e n t  a mod 8
k*» 1 mand 2 ” forms w i th  no d i v i s o r  which r e p r e s e n t  a mod 2^ 
when a  ^ 0 .
k -1On summing we see  t h a t  a l t o g e t h e r  we have 2 forms
k— 1which r e p r e s e n t  a mod 8 and 2 “ forms which  r e p r e s e n t  a 
mod 2mj a l l  o f  which r e p r e s e n t  a q 2 mod p ,  where q i s  a 
power o f  2 .
On exam in ing  d e t e r m in a n t  |u1Pu| we see  t h a t  t h e  l a r g e s t  
exponen t  a d i v i s o r  can have i s  t h e  minimum o f  2k and 
[ ^ ]  + k + 1 . A lso ,  as  a m a t t e r  o f  n o t a t i o n ,  i f  we say  t h a t  
a form r e p r e s e n t s  b mod n we mean t h a t  t h e  p a r t  o f  t h e  form 
which  i s  p r i m i t i v e  w i th  r e s p e c t  t o  2, r e p r e s e n t s  b mod n .
Theorem 2 : F o r  m/ 2  > k we have 2k as  t h e  maximum 
exponen t  o f  a d i v i s o r .  A lso  i n  3^ we have
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Number 
o f  forms
R e p re s e n t  
w . r . t . 2
R e s t r i c t i o n s D i v i s o r R e p re s e n t  
w . r . t . p
1) 2k“ * a mod 8 2 ° a
2) 2k" 1 a mod 2m 2 ° a
3 ) 1 a mod 8 22k a
4 ) 2k_ i_1 a mod 8 0 <  i  < k
•HCVICVJ a
5 ) 2k _ i “ 1 a mod 2pi 0 < i  < k
22 i a
P r o o f : P a r t s  1 ) and 2 ) f o l l o w  from Theorem 1 . In  o r d e r  t o
2khave d i v i s o r  2 , we must have a  -  k and 0 = 0 . Then
s i n c e  m >  2k, we must have 2 ^ | z  which i m p l i e s  t h a t  z = 0,
So we have one form w i th  t h i s  d i v i s o r  and i t  r e p r e s e n t s  a 
mod p and a mod 8 .
21In o r d e r  t o  have d i v i s o r  2 f o r  0 < i  < k ,  we must 
have a  > i .  I f  a  = i  th e n  2* must d i v i d e  z and t h e r e ­
f o r e  z = 0 . T h i s  y i e l d s  one form w i th  t h i s  d i v i s o r  and i t
r e p r e s e n t s  a mod p and a mod 8 .  L e t  a  -  i  + j ,  0 < j < k - i  
Then from t h e  l a s t  c o e f f i c i e n t ,  2*1 z .  From t h e  m idd le
c o e f f i c i e n t  we see  t h a t  2^*+^+* | 2a+* z . T h e r e f o r e  we must 
have 2*|| z .  L e t  z = 2* z^ .  From z < 2a we see  t h a t  
z^ < 2^ .  T here  a r e  2^“ * such z ^ ' s .  T h e r e f o r e  we have
( E 2^“ *) + 1 = 2k“ *"* forms w i th  d i v i s o r  2^* which 
1 U 4 1
r e p r e s e n t  a mod 8 and mod p and 2 forms w i th
04 yn.
d i v i s o r  2 which r e p r e s e n t  a mod 2r  and a mod p .
We w i l l  now show t h e r e  a r e  no d i v i s o r s  w i th  odd
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e x p o n e n t .  Suppose we have t h e  d i v i s o r  2 . Then we must
have 2a > 2n + l  o r  a  > n + 1 . S in ce  m > 2k > 2a > 2n + 1 , 
we must have 2n+^ ' | z .  So t h e  o n ly  chance  f o r  t h i s  d i v i s o r  
comes from t h e  m id d le  c o e f f i c i e n t ,  b u t  2^n+^ | 2a+^ z .  So we 
have no odd ex p o n en t  d i v i s o r s .  (We c o u ld  a l s o  e s t a b l i s h  
t h i s  f a c t  by c o u n t i n g  t h e  number o f  forms w i th  even exponen t  
d i v i s o r s  and showing t h a t  t h i s  e q u a l s  t h e  number o f  forms 
in  31 ) .
Theorem 3 : F o r  / 2  < k,  m even and a c 1 = 1 mod 4 we
have in  3,
Number o f  
forms
R e p re s e n t  
w . r , t .2
R e s t r i c t i o n s  DLvlsor R e p re s e n t  












a mod 8 
a mod 2m 
a mod 8














k - 2 j - - ? j - 2
1 3 ) 2
14) 1
15) 1
k - 2 J -  Tjy -  2
N.G.C. 
a+c' mod 8
^ ± 2£ ! m o d 8
2
N.G.C.
k - 2 j - | = l
m.k - 2 j - | >  2
k - 2j - 5j> 2
k = £  + 2 j
( - l |  $>), a mod 8 k = | + 2 j + l
2 1̂+2 j +1
2m+2j+l 








Number o f  R e p re s e n t  R e s t r i c t i o n s  D i v i s o r  R e p re se n t  
forms_________ w . r  . t  .2___________________________________ w . r  , t  .p
1 6 ) 1 ( - l | $ ) , c '  mod8 k = | + 2 j  + l ^n+2j a
k-  (S+2J+2)
17 )2 a mod 8 k > Tj + 2j  + 2
^n+2 j a
k - ( l + 2 j + 2 )  
18 )2  * a + 4 mod 8 k > ^ +  2j  + 2 2m+2j a
k - ( £  + 2 j+2)  
1 9 )2  d c 1 mod 8 k > | + 2 j  + 2 2tn+2j a
k - (§+ 2J+ 2)  
20)2  * c ' + 4 mod 8 k > |  + 2J + 2 2^+2j a
(In t h i s  t a b l e ,  i f  determinant c o n d i t io n s  r e s t r i c t  the  
d i f f e r e n t  k inds o f  g e n e r ic  ch a r a c te r s  w ith  r e s p e c t  t o  2 which 
are p o s s i b l e ,  i t  i s  noted  in  th e  r e p r e s e n ta t io n  w ith  r e sp ec t  
t o  2 column by e i t h e r  l i s t i n g  the p o s s i b l e  k inds o f  g en e r ic  
c h a r a c te r s  or w r i t in g  N.G.C. which means no g en er ic  
c h a r a c t e r ) .
P r o o f : To prove 8 ) we see  th a t  i f  the  form has d i v i s o r
2 ^  then a > j .  I f  a = j  then 2̂  | z s in c e  m > 2 j . 
Therefore  z = 0 and we have one form which re p r e se n t s  
a mod 8 and mod p .  Now l e t  a = j + i ,  i  = 1 , . . . , k - j .  Then 
2^|| z s in c e  m > 2 j and th e  middle c o e f f i c i e n t  o b v io u s ly  
i s  d i v i s a b l e  by a la r g e  enough power o f  z .  So l e t  
z = 2^zl t  Then s in c e  2^z^ < 2^+ i  we have z1 < 2i . There 
are 2i_ 1  such z^ 's  and thus 2i - 1 z ' s  . So th ere  are
^E^2 i - '1' = 2k"  ̂ -  1 more forms with  d i v i s o r  2 ^  which 
re p r esen t  a mod 8 and mod p and 8 ) i s  proved.
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In order t o  have d i v i s o r  2 we see  th a t  a>- ^ -  1.
I f  a = 75 -  1 then z = 0 y i e l d s  one form which r e p r e s e n t s
a mod 8 . For a > 75 -  1 we see  as b e f o r e  th a t  
m . i
2 || z .  The l a s t  c o e f f i c i e n t  then becomes
2m*’2 (az^ + 2 2^+2c i ) so  i f  0 > 1 th e  form r e p r e s e n t s  a
mod 8 . I f  9 » 0 then a = k and th e  form r e p r e s e n t s  
2
az ,  + 4 c '  a a + 4  mod 8 . T herefore  we have  
x k-m
k- ( - n - l ) - l  "5
2  = 2  -  1 more forms which re p r e se n t  a mod 8
k- 2
and 2 forms which r e p r e s e n t  a + 4 mod 8 . T h is  proves
9 ) and 1 0 ) .
Let us now c o n s id e r  th e  d i v i s o r  2m+2^+ 1 . From the  
d is c r im in a n t  we know t h a t  m + 2 j  + 1 < k + l + ^  or 2 j  £  k -  
A lso  we se e  from th e  f i r s t  c o e f f i c i e n t  t h a t a > ^  + j + l  and
m + j -S + j  + 1
from th e  l a s t  t h a t  2^ | z , Suppose 2 | z  then
2m+2 *̂+^12a+^z . We then have e i t h e r  an even power or e l s e
to o  la r g e  a power d i v i d i n g  th e  l a s t  c o e f f i c i e n t .  So f o r  t h i s
•75+ j + l  ?;+j
d i v i s o r  2 f  z .  T herefore  l e t  z = 2 z^.  Then
a z 2  + C 2 2»-HB = a am+2J z ® + C  S 3 6 ™  . S in ce  2m+2J+ 2 | az 2a+1  ,
th e  l a s t  c o e f f i c i e n t  w i l l  determine th e  d i v i s o r .  So we must
have 9 = j  and 01 = k -  j . These c o n d i t i o n s  are c o n s i s t a n t
m ,-n + J ,,
w ith  the  range o f  j and 2 || z . Then
a z 2 + c ' 2 2^+m = 2m + 2 ^( a z 2  + c ' ) .  A lso  az^ + c'  * 2 mod 4*
m + j m
S in ce  2 ^  z^ < 2^“  ̂ we se e  t h a t  z^ < 2k - 2 ^- ^  . P arts
1 1 ) ,  1 2 ) and 1 3 ) then f o l l o w  immediate ly  when we observe  
from th e  c o n d i t i o n s  on k, a and j t h a t  k > 75 + 2J + 1 .
We w i l l  now c o n s i d e r  t h e  number o f  forms w i th  d i v i s o r  
. We im m e d ia te ly  see  t h a t  f o r  t h e s e  forms k > 75 + j  
and a  > 75 + J . Le t  a  = 75 + j  . Then 0 = k -  (75 + j ) .  The 
l a s t  c o e f f i c i e n t  i m p l i e s  t h a t  20 +m > 2j + m .  So 0 > j .  
T h e r e f o r e  k -  (75 + j ) > j  o r  k -  75 > 2j . So we g e t  one form 
w i th  z = 0 which r e p r e s e n t s  a mod 8 and mod p .  Now l e t
a = 7 5  + J + i ; i  = l , . . . , k - ( 7 5  + d ) .  I f  0 > j  we th e n  have
k -  (75 + j  +1 ) > J o r  s a i d  a n o t h e r  way k -  (75 + 2j + 1 ) > i  . So
we must have k -(75 + 2 3 +  2) > 0 in  t h i s  c a s e  f o r  0 > j .
T h e r e f o r e  l e t  a  = 7 5  + j  + i ;  i  = 1 , . . . , k  -  (5 + 2j  +  1 ) . From 
t h e  l a s t  c o e f f i c i e n t  we must have 2 -̂ || z .  T h e r e f o r e
75 + j  -3 + J +  t  4 * I
2 z ± <  2  or < 2 , We have 2 ” forms f o r
k - ( | + 2 j  +1) k -  (2+2J+1)
each i .  So we have E 2 = 2  -  1
i = l
k- (^+2j + 2 )
more forms o f  which 2 -  1 re p r esen t  a and
k- (75+23+2 )
2 r e p r e s e n t  a + 4  mod 8 .  Now f o r  0 = j .  Then
a  = k - j  = 75 + j  + i  o r  p u t  a n o t h e r  way k -  (75 + 2J ) = i . So 
k > 75 + 2j  + 1 . I f  k = T 5  + 2j + l  we g e t  one form which 
r e p r e s e n t s  c '  mod 8 .  I f  k > 75 + 2j  + 2 th e n
? +2J +1 , f + j + 1  k-1  k - ( S f 2 J + l )2 | z .  Thus 2 2 < 2  ̂ or z g < 2  ^  } •
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k - ( S + 2j + 2 )
T h e r e f o r e  we have 2 forms which  r e p r e s e n t  c 1 mod 8
k - ( “ +2j + 2 )
and 2 which r e p r e s e n t  4 +c '  mod 8 . T h i s  f i n i s h e s
t h e  p r o o f .
Theorem 4 : F o r  ^  < k and m odd, t h e  maximum exponen t  o f
m-1a d i v i s o r  i s + k + 1 and we have i n  3 .
Number o f  
forms
R e p re s e n t  
w . r , t  .2
R e s t r i c t i o n s D i v i s o r  R e p re s e n t  
w . r . t , p
2 1) 2k_1 
22 ) 2k"1
2 3 ) 2k” ^
24) 1
25)2 k-  ( ^ + 2 j + l )
a mod 8 
a mod 2m 
a mod 8 
N.G.C. 
a mod 8
k -  (mg^+2j+l)
26)2  a+2c'mod 8
2 7 ) 1 N.G.C.
2 8 )2 k- ( 2 J +1+?!^ )  2a+c 'mod 8
29)2
k-  (2J +1 tm̂ ) c 'mod 8
0<2j<m -  3 
k- ("-«■■) =2j
k - ( ^ ) >  2j  
k-  ( ^ ) >  2j
k= + 2j  
k > ^  + 2j + l










P r o o f : P a r t s  21) and 22) f o l l o w  from Theorem 1 . P a r t  23 )
i s  i d e n t i c a l  i n  p r o o f  t o  8 ) o f  Theorem 3 *
D i v i s o r  2tn" ^ +^ . S in ce  2g + m i s  odd and t h e  exponen t  o f
2
2 i n  t h e  d i v i s o r  and a z i s  even we must have
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20 + m > m + l  + 2j  which i m p l i e s  0 ^  j . S in ce  k = a  + 0 *
we have k > a  + j . F o r  t h i s  d i v i s o r  we a l s o  must have
o, )> "*■ J so we have k > *
F or  a  = — + J we have o n ly  one form w i th  t h i s  
d i v i s o r  and t h a t  o c c u r s  w i th  z = 0 . T h i s  form r e p r e s e n t s  
a mod 8 and a mod p .
Now c o n s i d e r  a  = + J + i .  From k > j  + a  we
Trt 1
have k > -2̂ =  + 2j  + i .  So we a r e  co n c e rn ed  w i th  
i  = 1 , . .  , , k  - f t i +  2J) .  T h is  a l s o  i m p l i e s  k -  + 1) > 2j  .
S in c e  2 must e x a c t l y  d i v i d e  z f o r  t h i s  d i v i s o r ,
we have 2*“ ^ forms f o r  each  i .  T h e r e f o r e  we have
k- f t i +  2J ) -1  k - ( S b i  + 2J+1)
2 2 - 2  -  1 more forms w i th
k -  (—̂  +2J+ 1 )
a mod 8 and a mod p and 2 forms which r e p r e s e n t
a + 2c 1 mod 8 and a mod P,
Combining t h e s e  r e s u l t s  y i e l d s  2 4 ) ,  2 5 ) and 2 6 ) .
D i v i s o r  2m+^ . From d e t e r m i n a n t  c o n d i t i o n s  we see  t h a t
m + 2j  < + k + 1  which i m p l i e s  2 j  < k + 1 -  ( ^ ^ ) . For
m+1 ,
m+l  y ■
t h i s  d i v i s o r  we a l s o  know t h a t  a > —£ - +  j  and 2 | z .
So we must have m +  2J = m +  20, i . e .  0 = j .  Then 
a  = k -  j  > + j  which i m p l i e s  k -  > 2 j  o r  we have
no forms w i th  t h i s  d i v i s o r .
m+i +J
L e t  k - ^ i  = 2j . N e c e s s a r i l y  th e n  2 2 | z .  S in ce
47
I i
a  = ^2 =  + j ,  we must have  z » 0 . T h i s  form r e p r e s e n t s  
c ' mod 8 and 2a mod p .
Now c o n s i d e r  k -  > 2J + 1 . Then a  -  k -  j  > + 1 .
+ j  , , JS ti
F o r  2 || z we g e t  2 0 c forms which r e p r e s e n t
m+1+ j + i
2a + c 1 mod 8 and 2a mod p . For  2 | z  we g e t
k - 2 J - l - J S + i
2 fo rm s which r e p r e s e n t  c '  mod 8 and a mod p .
T o t a l i n g  o u r  r e s u l t s  f i n i s h e s  t h e  th e o re m .
Theorem F or  ^  < k,  m even and a c '  a 3 mod 8, t h e  
maximum ex p o n en t  f o r  a d i v i s o r  i s  k + ^  + 1 and we have 
i n
Number o f  R e p re s e n t  R e s t r i c t i o n s  D i v i s o r  R e p r e s e n t
 fo rm s_________w . r  , t . 2___________________________________w . r  , t  .p
30) 2k” 1 a mod 8 m ^ 0
31) 2k -1  a mod 2m m J* 0
32) 2k" J a mod 8 2 j  < m -  2
k-  m
3 3 )  2  ^  a  m o(j  Q
k m ------------
3 4 ) 2 a + 4 mod 8
3 5 ) 1 ( - lH >),am od0 k = |  + l
36) 1 ( - l | c p ) ,c 'm o d 8  k =■§ + 1
k-  (5 + 2 )
3 7 )2  2 1 mod 8 k > |  + 2
k“ ( ?  + 2 )
3 8 )2  3 mod 8 k > £  + 2
k-ff l  + i )













Number o f  R e p r e s e n t  R e s t r i c t i o n s  D i v i s o r  R epresen t  
fo rm s_________ w . r . t .2___________________________________ w . r  , t  ,p









1 N.G.C. k = ^ + 2j - l , j > l  2ra+2J a
3 N.G.C. k = ^ + 2j , J > l  2m+2J a
1 ( - l |<p) , lmod 8 k = - |+ 2 J + l ,  j>  1 2m+2J a
1 ( - i |q> ) ,3m od8  k J g + 2 J + l , j > l  2;m+2J a
1 ( - l | ( p ),5 mod 8 k = ^ + 2j + l ,  J > 1  2tn+2*J a
1 ( - l |<p ) ,7m od8  k = ^ + 2 j + l , j > l  2m+2J a
3 . 2k - ( ^ + 2 j+ 2 )  1 mod 8 k > | + 2 j + 2 , j > l  2m+2J a
3 . 2M ^ + 2 j + 2 )  3 mod 8 k>^5+2J+2, j  >1 2m+2J a
3 . 2k - (^+2J + 2 ) 5 mod 8 k > ?j+2j+2, j  > 1 2m+2J a
3 2k - ( ^ + 2 j+ 2 )  7 mod 8 k > ^ + 2 j+ 2 ,  j  > 1 2m+2J a
49
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P r o o f :  I t  s h o u ld  be f i r s t  n o t e d  t h a t
o 2 2a z 1 + c ' «  a + c 1 « a  ( a + c 1 ) •  a (a + a c '  ) m 4 a s  4 mod 8 .  A lso
p a r t s  3 0 ) and 3 1 ) f o l l o w  d i r e c t l y  f rom  Theorem 1 and 3 2 ) i s
i d e n t i c a l  i n  p r o o f  t o  8) o f  Theorem 3 *
D i v i s o r  . F o r  t h i s  d i v i s o r  a  > -75- 1 . So l e t  us  f i r s t
c o n s i d e r  a  = 75 -  1 . Then 3 = k -  ^  + 1 . T h e r e f o r e  z = 0
g i v e s  one fo rm  which  r e p r e s e n t s  a mod 8 and mod p .
Now c o n s i d e r  a  = 75 -  1 + i ,  i  = 1 , . .  . , k -  (75 -  1 ) .
m — 1  j  1
Then we must have  2 || z .  So we g e t  2 “ fo rm s f o r  each
k“ i ) - 1  , ^ k_ 75 
i .  T h e r e f o r e  we have 2 ” = 2 -  1 more forms
49
K-—m
w h ich  r e p r e s e n t  a mod 8 and 2 fo rm s which  r e p r e s e n t  
a + 4 mod 8 .  A l l  o f  t h e s e  r e p r e s e n t  a mod p .  So t a k i n g
t h e s e  r e s u l t s  y i e l d s  32) and 3 3 ) .
D i v i s o r  2m. F o r  t h i s  d i v i s o r  we must  have  a  > F o r  
a  = z = 0 g i v e s  one fo rm  which  r e p r e s e n t s  a mod 8 and 
a mod p .
Now c o n s i d e r  a = ^  + i ,  i  = 1 , . . . ,  k -  -  1 . Then
k -  75 -  1 > 1 which  i m p l i e s  k > ^  + 2 o r  e l s e  t h e s e
c o n d i t i o n s  a r e  v a c u o u s .  S in c e  0 > 1 we must have  
m
?  i  12 || z .  T h i s  y i e l d s  2 ” fo rm s  f o r  e a ch  i .  So we have
M ? j + 2 )  ± , M “ +2)
r  2 " = 2 -  1 fo rm s w hich  r e p r e s e n t  a mod 8 and
h-(|+2)
a mod p and 2 fo rm s which  r e p r e s e n t  a + 4 mod 8 .
tj+1 ^+1
Now f o r  a, = k ,  0 = 0 . Then 2 | z . I f  2^ || z
k -  (5j+2)
we have 2 form s which  r e p r e s e n t  k + c* mod 8 i f
> 2  k" ( f +2)
k > + 2 . I f  k > + 2 and 2 ^ | z  we g e t  2
fo rm s  which  r e p r e s e n t  c 1 mod 8 and a mod p .  I f  k = -^  + l
we g e t  one fo rm  which  r e p r e s e n t s  c 'mod 8 and h a s  (— 1 1cp) as  
g e n e r i c  c h a r a c t e r .
T o t a l i n g  t h e s e  r e s u l t s  and r e a l i z i n g  t h a t  s i n c e  
a c ' i  3 mod 8,  a l l  o f  a , a  + 4 , c ' ,  and c ' + 4  a r e
i n c o n g r u e n t  mod 8 y i e l d s  3 5 ) -  4 0 ) .
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D i v i s o r  2m+^  . F o r  t h i s  d i v i s o r  we m ust  hav e  a  > ^  + j  and
0 > j - 1 . So k = a +  P > ^ + 2J - l  o r  e l s e  we have  no new
form s in  t h i s  c a s e .  From t h e  maximum e x p o n e n t  c o n d i t i o n  we
m
k + l -"5know 1 < j  < — g g w hich  i s  t h e  same a s  t h e  f i r s t  
c o n d i t i o n .
C o n s id e r  a = ^  + J .  I f  k = -tj + j  -  1 t h e n  0 = j  - 1 . 
| + j - l
Then i f  2 )| z we g e t  one form which r e p r e s e n t s  a mod 8
and mod p .  But t h i s  form has d i s c r im in a n t  - a c '  * - 3  mod 8 
so i t  has no g e n e r i c  c h a r a c te r  w ith  r e s p e c t  t o  2. I f  
k = 75 + 2 j  then 0 = j and z = 0 y i e l d s  one form which  
r e p r e s e n t s  a mod 8 . However t h e  d i s c r im in a n t  o f  t h i s  
form m  - 4 a c '  m  4 mod 16 so i t  has no g e n e r i c  c h a r a c te r  w ith  
r e s p e c t  t o  2 .  I f  k = -75 + 2j  + 1 then  0 = + 1 and
z = 0 y i e l d s  one form which r e p r e s e n t s  a mod 8 . The 
d is c r im in a n t  o f  t h i s  form a - l 6 ac' mod 3 2  so  we have o n ly  
(— 1 1 cp) . I f  k > -75 + 2 j + 2 then  we have a l l  t h r e e  c h a r a c te r s  
w ith  r e s p e c t  t o  2 and one form w ith  z = 0 which r e p r e s e n t s  a 
mod 8  and mod p .
Now c o n s i d e r  a  = ^  + J + i> i  = 1 , . . . , k  -  (— + j ) .
Here k > 75 + j  + 1 o r  we have  no fo rm s In  t h i s  c a s e .  How­
e v e r ,  s i n c e  we must a l s o  have  0 > j  -  1, we must have
k > 5̂ + 2j . We w i l l  now f u r t h e r  s u b - d i v i d e  t h i s  c a s e
d ep e n d in g  on 0 .
L e t  0 = j  -  1 . Then i  = k -  (^  + 2j  -  1 ) .  A lso  we
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3y * j - l  k - ( ^ + 2 j - l )
must have  2 z .  Then we have 2 fo rm s .  I f
k = -75 + 2j  t h i s  g i v e s  2 forms whose d i s c r i m i n a n t  « 4 m o d l 6 .
So t h e y  have no g e n e r i c  c h a r a c t e r  w i th  r e s p e c t  t o  2 . I f
k = 75 + 2j  + 1 th e n  t h e  d i s c r i m i n a n t  ■ -1 6  mod 3 2 . So we
have 4 form s r e p r e s e n t i n g  each  o f  a ~2|C , c , ° '
j I Qq J. rt t
and —2— ----- , A l l  o f  t h e s e  a r e  i n c o n g r u e n t  mod 8 .  I f
k > 5̂ + 2 j  + 2 t h e n  we have  a l l  3 c h a r a c t e r s  and each odd
k- Qjj +2J+1)
r e s i d u e  mod o i s  r e p r e s e n t e d  2 2 t i m e s .
L e t  3 = j  . Then a  = k -  j  and k > + 2J + 1 . Also
■n+J+1
we must have 2 | z .  I f  k = ^  + j +  l  th e n  z = 0 y i e l d s
one form which r e p r e s e n t s  c ’ mod 8 .  The d i s c r i m i n a n t  o f  
t h i s  form « 16 mod 32 so we have o n ly  (—1 1 cp) . I f
k > -75 + 2j  + 2 th e n  we have a l l  t h r e e  c h a r a c t e r s .  For  
f + j + 2  k - (5+2j +2)
2 ( z we g e t  2 forms which r e p r e s e n t  c ' m o d 8 .
^ + j + l  k -  (75+23+2)
For  2 || z we g e t  2 forms which r e p r e s e n t
4 + c ' mod 8 .
Now l e t  a = + J + i ,  i  = 1, . . , , k - ( ^  + 2j  + 1 ) .
m "5 “ 1-1We must have k > + 2j  + 2 . For  2 || z we have 2
k -  ( |+ 2 J+ 2 )  k - ( f+ 23+2 )
forms f o r  each  i . So we have 2 2 “ = 2 _ 1
i = l
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k-  (5 +2J + 2 )
fo rm s  which  r e p r e s e n t  a mod 8 and 2 fo rm s which
r e p r e s e n t  a + 4 mod 8 .
T o t a l i n g  t h e s e  r e s u l t s  y i e l d s  4 l ) - 5 0 ) .
P v + 1D i v i s o r  2 F o r  t h i s  d i v i s o r  a  > x + 1 . A lso  s i n c e
2
az + c ’ » 4 mod 8, 2x | z .  So 22x+2| z * z a + 1 . T h e r e f o r e  t h e  
l a s t  c o e f f i c i e n t  would d e t e r m in e  t h e  d i v i s o r .  However t h e  
l a s t  c o e f f i c i e n t  i s  a lw ays  d i v i s a b l e  by  an even power o f  2.
So t h e r e  a r e  no fo rm s  w i t h  t h i s  d i v i s o r .
Theorem 6 : F o r  ^  < k ,  m e v en ,  and a c '  * 3 mod 8,  t h e
maximum e x p o n e n t  f o r  a d i v i s o r  i s  k+75 + 1 and we have in
3 1
Number o f  R e p r e s e n t  R e s t r i c t i o n s  D i v i s o r  R e p re s e n t
form s_________ w . r  . t . 2____________________________________w . r  . t  .p
51) 2k_1 a mod 8 m ^ 0 2° a




a mod 8 
a mod 8





55) 2 a+4 mod 8
C\Ji
a
5 6) 1 ( - 1 a mod 8 k = ^ + l 2̂ 1 a
57) 1 ( - l | cpVi'mod 8 k=Tj  + 1 a
k-  (2+2) 
5 8) 2 ^ 1 mod 8 k > 75 + 2 2* a
Number of 
forma Represent w.r.t.2
5$ 2 k- & S) 3 mod 8
60) 2k- ̂ 5 mod 8





v \ w- 5 + 2  gffl
K ‘G ' C- k=S^ok ^ +^ J > l  ^ +SJ+1
N,°’C- k - » J > 1 z>to+2j-bi
^ 1 h>),3mod8 k * 1*.,-.
< -V9)>i mod 8
,  , ?  J+ 2 * 3 > 1  ^ + 2 j +i
(~3i& 5 m o ( i  8 k =-2L.p-}, 0 / ji . 2 J+? ' J > 1  gP+Sj+i
r i t i s T m o d  8k*n+o<
6 ^ . e lt- ^ J * g  1 nod s  ^  ^  J - 1 a™+3J+1
3 „ e  ‘ T , t i l k ‘  ^ ' x
k / ^ o  ^"5+2^+3, J > i ?ft+2l+i
7 $  J - s  ^ J + Z )  5 mod 8 k ,» ~
k  ^ + 3 . j t l  ^ +3J+1
n ; j  ek - ^ +2 J + s ; 7 mod 8 ^ ̂  m
72) 2j . 1 - V  zfli+23+x
W,G*C* k - * + 0
73)  s j ml 2 2^ J >1 gm+sy
iV,G,C* k  «=111
74) i  ~ 2 +2<W > 1 gm+sj
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Number o f  Represent R e s t r i c t i o n s  D iv i s o r  Represent  
forms________ w .r  . t  .2   w .r  . t  .p
7 5 ) 1 (-l|cp), c ’mod8 k=?J+2j+l,  j > 1 2m+2j a
76) j - 1  (-ljqp),lmod 8 k -^ t2 J + 3 ,  j > l 2m+2j a
77) j - 1  (-l|«p)>3 mod 8 k = |+ 2 j + L  J > 1 2m+2j a
7 8 ) j - 1  (-1 fcp)> 5 mod 8 k = | + 2 J + l , j  >1 2m+2j a
79) j - l  (-l)cp, 7 mod 8 k - “ +2J+1, j  >1 2m+2j a
8D)(2j-l£k^ ‘5+^ + ^ 1 m o d 8 k > | + 2 j + 3  j > 1
gm+2j a
a)(2j- 1£ k- ( |+ 2 j + 2 ) 3 mQd 8 k > | + 2 j + 3  j > 1 2m+2j a
82)(2 j - l ) 2k_(£ h2J+2) 5 mod 8 k > | + 2 j + 2 ,  j > 1 2m+2j a
83)(£j-l)2k" (?+2J+2) 7 mod 8 k > | + 2 j + 2 ,  j > 1 2m+2j a
P r o o f : I t  should be f i r s t  observed th a t  fo r  n > 3 th ere
2 n e x i s t  z-^'s such th a t  az^ + c '  » 0 mod 2 .
P arts  51) and 5 2 ) f o l l o w  from Theorem 1.  Part 5 3 ) 
i s  i d e n t i c a l  in  proof  t o  8) o f  Theorem 3 .  P arts  54) and 
5 5 ) are th e  same as 33) and 34) o f  Theorem 5 . P arts  5 6 ) - 6 l )  
are i d e n t i c a l  t o  35) -3 9 )  o f  Theorem 5 .
Let us now c o n s id e r  th e  exponent o f  the  d i v i s o r  t o  be 
2x + 1.  Then a > x + 1. I f  2x + 1 < m then from th e  l a s t  
c o e f f i c i e n t  2x+^ | z .  So 22x+^ |a z  2a+  ̂ and we have no odd
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exponent d i v i s o r  in  t h i s  c a s e .  I f  2x + 1 = m th en ,  s in c e
m m. n
2  n V \  73+ 1 iaz^ + c'  a 0 mod 8 we must have e i t h e r  2 | z  or  2  ̂ | z ,
both  o f  which g i v e  l a r g e r  exponents than d e s ir e d  in  the
l a s t  c o e f f i c i e n t .  Then from th e  middle c o e f f i c i e n t
2m+^|2^t+1 z .  So t h i s  exponent does not occur .  T herefore  an
odd exponent f o r  a d i v i s o r  must be g r e a t e r  than or equal t o
m + 3.
D iv i s o r  2irH‘2J~>~:L, j  > 1 . p0 r t h i s  d i v i s o r  a > ^  + j + 1 .
A lso  we have k > ^  + 2j from t h e  maximum exponen t  c o n d i t i o n ,
’tow l e t  u s  f i n d  t h e  r an g e  o f  0 .  Le t  Z -  2n z ^ .  I f  t h e
d i v i s o r  i s  d e te rm in e d  by t h e  m idd le  c o e f f i c i e n t  th e n  
m + 2J + l =  a +  n + l  which i m p l i e s  a + n = m + 2 J . Also 
we must have m + 2 j  + 1 < m + 20 and m + 2 j  + 1 < 2n o r
e l s e  m + 20 = 2n < m + 2 j  + 1 .  The f i r s t  c o n d i t i o n  does
n o t  o c c u r  s i n c e  i t  would imply m + 2 j  + 1 = a  + l +  n > a + l  +
^ + j +  l > ^  + j  + l  + l + | + j + l  = m + 2 j + 3 • Let us now
c o n s id e r  m + 20 = 2n < m + 2j + 1 .  S ince  a + n = m + 2j we 
have k = 75 + 2 j  . A lso  0 = k - a = ^  + 2 j - a <
7 5 + 2 j - ( ^ 5  + J + l ) = J - l .  So i f  th e  middle c o e f f i c i e n t
determ ines  th e  d i v i s o r  we have k = ^  + 2j  and 0 < j - 1 .
I f  th e  l a s t  c o e f f i c i e n t  determ ines  the  d i v i s o r  then  
20 +m < 2 J + l + m - 3  which im p l ie s  0 < j  -  1 .
^.|„p
Now c o n s i d e r  0 < 0 < j  -  1 .  I f  2 |( z and k > ^  + 2j
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t h e n  a  > 75 + j  + 1 .  Now f u r t h e r  r e s t r i c t  t h i s  c a s e  by
t a k i n g  k = + 2 j . Then we see  t h a t  2m+2J+1|| z 2a + 1 .
2 21+1-2BSo we must co u n t  t h e  z ^ ' s  such  t h a t  a z ^ + c '  1 0 mod 2 0 K
w i th  0 < z^ < 22^- 2 ^ .  T h e r e - a r e  two s o l u t i o n s  f o r  each  3
so t h e r e  a r e  2 j  s o l u t i o n s  a l t o g e t h e r .
F o r  k = + 2j + 1 we have a = - ^  + 2 j + l - 3 .
1
A lso  we must have 2 || z and a z 2+ c '  -  22^+1_2^mod 22^+^” 2^
21+1-  2B0 < z^ < 2 0 p . Again we have two s o l u t i o n s  f o r  each  3 
so we have  2 j  fo rm s .
F o r  k = 75 + j  + 2,  we have a = ^  + 2 j  + 2 -  3 .  We 
must have • ?  || z and a z 1 + c* t  22J+1" 23mod 22 J+ 2 -2 e -
w i th  0 < z-  ̂ < 2 2^+2_2^ .  So we have j  forms r e p r e s e n t i n g  
1, j  r e p r e s e n t i n g  3# J r e p r e s e n t i n g  5 and j  r e p r e s e n t i n g  
7 mod 8 .
7+0
Now t a k e  k > 5} + 2j  + 3 • We must have 2 || z and
a z ^ +  O  « a 2^ 1- 29 M o d  22J +2- 29 w i th  O O ^ i H r * .  So
we g e t  f o u r  s e t s  o f  fo rm s ,  each  s e t  c o n t a i n i n g
j  (2k“ ("2+2J + 2 ) ) forms and each  s e t  r e p r e s e n t i n g  a d i f f e r e n t  
odd r e s i d u e  mod 8.
T o t a l i n g  t h e s e  r e s u l t s  y i e l d s  6 2 ) — 7 1 ) -
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D i v i s o r  2m p o r  t h i s  d i v i s o r  we must have
a  > + j . A lso  t h e  maximum exponen t  c o n d i t i o n  i m p l i e s
t h a t  k > 75 + 2 j  -  1 .  Let  a  = 75 + J . Then 0 > j  -  1.
I f  k = 75 + 2 j  -  1 t h e n  0 = j  -  1 and we must have
75+J - l  ( _
2 || z .  So we g e t  one fo rm .  I f  k > ^ + 2 j  th e n  o n ly
by t a k i n g  z = 0  do we g e t  a form and t h i s  form r e p r e s e n t s
a mod 8  and a mod p .
'low c o n s i d e r  a  = k - j ,  0 = j  and k > 75 + 2 j  . I f
k = 2  + 2j  + 1  th e n  a  = 5  + j  + 1.  From t h e  l a s t
5 + J + l
c o e f f i c i e n t  we see  t h a t  we must have 2 ^ | z .  T h e r e f o r e
z = 0 g i v e s  one form which r e p r e s e n t s  c 1 mod 8 . I f
k = 75 + 2 j  + 2 th e n  a  = 75 + j  + 2 and we must have
^ J + 1 l z .  Thus we g e t  two fo rm s .  One r e p r e s e n t s  c '  and th e
o t h e r  4 + c 1 mod 8 . I f  k > 7; + 2j + 3 th e n  ag a in
+1 | z .  I f  22+J +1 || z ,  we have 2> '-J - (7 +.J+1 ) - 1 =
k -  (S+2 j + 2 )
2 form s which r e p r e s e n t  4 + c 1 mod 8 , I f
f + j +2  k - ( £ + 2j + 2 )
2 | z  we have 2 forms which r e p r e s e n t
c 1 mod 8 .
Now l e t  a  = 75 + j  + i ,  i  = 1, . . . ,  k -  ( |  + 2j + 1 ) .
Observe t h a t  k > 75 + 2 j  + 2 o r  e l s e  t h e r e  a r e  no forms in
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*3+j
t h i s  c a s e .  We o b v i o u s l y  need  2 || z .  So we g e t
k- (5 +2 j +2 )
i - 1  2 1-12 form s f o r  each  i  and t h e r e f o r e  have E 2° =
1
k - (5 + 2 j+ 2 )  k - ( 5 + 2 j + 2 )
2 -  1 fo rm s r e p r e s e n t i n g  a mod 8  and 2
form s r e p r e s e n t i n g  a + ^ mod 8 .
F o r  a  = k -  j  + 1 we have 0 = j - 1 .  The o n ly  c a se
w i th  t h e s e  r e s t r i c t i o n s  which  h a s  n o t  a l r e a d y  been  e l i m i n a t e d  
i s  k > 5̂ + 2j  . Then a > ^  + j  + 1.  S in c e  we must have
2  || z ,  a l l  c o e f f i c i e n t s  have  t o o  l a r g e  a power o f  2 as
d i v i s o r .  So we g e t  no new fo rm s  from t h i s  c a s e .
F o r  a  = k -  j  + i ,  i  = 2 , . . . , J  we have 0 = j  -  i
and 0 r a n g e s  f rom  0 t o  j  -  2 .  I f  k = ^ + 2 j - l  t h e n
m 5 + J - i
a = - £ + j - l  + i  and we need  2 || z and
az^  + c 1 •  0  mod 2 2 i  w i th  0  < < 2 2 i _ ^ s i n c e  t h e  m idd le
c o e f f i c i e n t  d e t e r m i n e s  t h e  d i v i s o r  h e r e .  We have 2 such z ' s  
f o r  each  i  and t h e r e f o r e  have 2 ( j - 1 ) f o rm s .
- + j - i
I f  k = ^  + 2 j  t h e n  a = ^ + j  + i .  We want 22 || z and
az^  + c 1 * 22 i  mod w i t h  0 < z^ < 2 2 i . We have two
s o l u t i o n s  f o r  e a ch  i  and t h e r e f o r e  have 2 ( j  — 1 ) fo rm s .
I f  k > 75 + 2 j  + 1 t h e n  a  > + j  + i  + l  and a g a in  we
15+J-1 ., 2 2 i  2 i + lwant 2 || z and az^  + c 1 -  2 mod 2 w i th
k+2i- (5+2j) . k+2i- (5+2j)-(2i+l)
0 < z 1 < 2 * . T h i s  y i e l d s  2^ (2  * )=
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2 ,  k - $ + 2 j + l )
2 (2 ) forms f o r  each  i .  O b v io u s ly  a l l  odd
r e s i d u e s  mod 8 a r e  e q u a l l y  r e p r e s e n t e d .  So we have
k - ( § f 2 j + l )
( j  -  1 )2  forms r e p r e s e n t i n g  1 mod 8 and t h e  same
number r e p r e s e n t i n g  each  o f  3> 5 and 7 mod 8.
T o t a l i n g  t h e s e  r e s u l t s  f i n i s h e s  t h e  th e o re m .
Now we w i l l  c o n s i d e r  a form f  which i s  no t  
d i a g o n a l i z a b l e  modulo a h ig h  power o f  2 b u t  i s  p r i m i t i v e .  
T h i s  form i s  e q u i v a l e n t  t o  a form o f  t h e  ty p e  [ a , a , c ]
oa  7 |
modulo a h ig h  power o f  2 .  L e t  V = f [ Q 2p] k = a  + 0
and 0 < z < 2a ) . L e t  If* c o n s i s t  o f  t h e  e l e m e n ts  o f  V f o r
2a  2 I n
which p ̂  0 .  Le t  If f [ Q ^ p U a  + p = k - 1  and 0 < z < 2  ) .
2a  z I k
Le t  y = f [ ^  ] l o  < z < 2 ) .  F o r  U e V we se e  t h a t
2a  2
TJ =  t o  2 0 1 w l t h  P ^  ° *  S o  i f  V = ^ 0  2  ̂ w e  h a v e  t h a t
2a z
U = V[Q I f  g i s  t h e  form o b t a i n e d  by a p p l y in g
V t o  f  th e n  g i s  o f  t h e  t y p e  [ a , 2 a , 4 c ]  and g i s
o b v io u s l y  e q u i v a l e n t  t o  a d i a g o n a l i z e d  form g * . T h e r e f o r e  
i f  we c o n s i d e r  what happens  t o  g 1 and t h u s  t o  g u n d e r  
t h e  t r a n s f o r m a t i o n s  from Tr' and add t o  t h i s  what happens  
t o  f  u n d e r  t h e  t r a n s f o r m a t i o n s  from >  th e n  we know t h e  
number o f  fo rm s ,  o b t a i n e d  by a p p l y in g  t h e  t r a n s f o r m a t i o n s  
from V t o  f ,  w i th  any g iv e n  d i v i s o r  and what t h e y
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r e p r e s e n t  mod 8 and mod p .  T h e r e f o r e  we need  t o  c o n s i d e r  
f  = [ a , a , 2 mc ' ]  u n d e r  a p p l i c a t i o n s  f rom %. On a p p l y i n g  one
Olr  \r
o f  t h e s e  t r a n s f o r m a t i o n s  we o b t a i n  [ a 2  , a 2  ( 2 z + l ) ,
a z ( z + l )  + c ' 2 W1] .  A lso  s i n c e  f o r  m ^ 0,  [ a , a J 2mc r ] i s  
e q u i v a l e n t  t o  [ a 1 , a 1 , 2 x c 1 ] w i t h  x any p o s i t i v e  i n t e g e r  
we w i l l  d i v i d e  ou r  d i s c u s s i o n  i n t o  two c a s e s :  m ^ 0 ,  k < m
and m = 0 .  In t h e  f o l l o w i n g  3 2 w i l l  d i s i g n a t e  t h e  s e t  o f  
forms o b t a i n e d  by a p p l y in g  t h e  t r a n s f o r m a t i o n s  in  >  t o  f .
Theorem 7 : F o r  k ^ 0 and m ^ 0 we have in  3 2
Number o f  R e p re s e n t  R e s t r i c t i o n s  D i v i s o r  R e p re se n t
forms________ w . r . t .2____________________________________ w . r  . t  .p
84) 0 2°
95)
2k - (x + 2 ) 1 mod 8 1 < x < k-3 2X a . 22k-x
86) 2k - (x + 2 ) 3 mod 8 1 < x < k-3 2X a . 22k-x
87) 2k - (k + 2 ) 5 mod 8 1 < x  < k-3 2X a - 2 2k- x
88) 2k - (x + 2 ) 7 mod 8 1 < x < k-3 2X a - 2 2R-x
89) 2 (-1 |cp), 1 mod 4 2k -2 a ■2k+2
90) 2 (-1 |op), 3 mod 4 2k -2 a . glt+2
91) 2 N.G.C. 2k - l a ■2k+1
92) 2 N.G.C. 2k a*2k
P ro o f :  P a r t  82) i s  o b v io u s s i n c e  z ( z + l )  i s  even .
D i v i s o r  2*, 1 < x < k -  3 . For t h i s  d i v i s o r we must have
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2*11 a z ( z + l ) .  T h e r e f o r e  z o r  z + 1 .  L e t  us f i r s t
c o n s i d e r  z = 2*z^.  Then z^ < 2k _ x . So t h i s  y i e l d s
2k“ (x+l )  forms which r e p r e s e n t  a number o f  t h e  ty p e
a z ^ ( 2 x z ^ + l ) .  Numbers o f  t h i s  t y p e  a r e  e q u a l l y  o f t e n  c o n g ru e n t
t o  1 , 3 j 5 o r  7 mod 8 .  T h e r e f o r e  we have each  odd r e s i d u e  mod8
r e p r e s e n t e d  by fo rm s .  F o r  2Xh = z + 1 w i th
( h ,2 )  = 1 we have 2Xh-l  = z < 2k and a g a in  we have 
k - f x + 1 )2  ̂ 1 forms each  o f  which r e p r e s e n t s  a number o f  t h e  ty p e
a ( 2x h - l ) h  and t h e s e  a l s o  a r e  e q u a l l y  o f t e n  c o n g ru e n t  t o  
1*3»5 o r  7 mod 8 . So each  odd r e s i d u e  mod 8  i s  r e p r e s e n t e d  
by 2lc-(x+^) fo rm s .  T o t a l i n g  t h e s e  r e s u l t s  y i e l d s  8 5 ) -  8 8 ) .
D i v i s o r  2k~2 . P a r t s  8 9 ) and 90) f o l l o w  d i r e c t l y  from t h e  
p r e c e e d i n g  p a r a g r a p h  when we l e t  x = k - 2  and r e a l i z e  t h a t  
t h e  d i s c r i m i n a n t  o f  t h e  new forms i s  c o n g ru e n t  t o  16 mod 32  
so t h a t  we have o n ly  ( - l |cp )  and t h a t  and h a r e
d e te rm in e d  mod 4 .
k -1D i v i s o r  2 The d i s c r i m i n a n t  i m p l i e s  t h a t  we have no
g e n e r i c  c h a r a c t e r s  w i th  r e s p e c t  t o  2. The p r e c e e d i n g  
c o n s i d e r a t i o n s  t h e n  ap p ly  f o r  z^ = h = 1.
D i v i s o r  2 ^ . S in c e  2^ p r e c i s e l y  d i v i d e s  t h e  m idd le
P lrc o e f f i c i e n t  we need  o n ly  t h a t  z + z = z ( z + l )  ■ 0 mod 2 .
So we have two fo rm s ,  one w i th  z = 0 and t h e  o t h e r  w i th
lr
7, = 2 - 1 .  The d i s c r i m i n a n t  i m p l i e s  t h a t  t h e y  have no g e n e r i c  
c h a r a c t e r  w i th  r e s p e c t  t o  2.
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Theorem 8 : F o r  m = 0 a l l  2 forms in  have d i v i s o r
p r im e  t o  2 .  F u r th e rm o re ,  f o r  k = 1 t h e r e  i s  no c h a r a c t e r  
w i th  r e s p e c t  t o  2, f o r  k = 2 we have o n ly  (— 1 1 qp) and t h e
odd r e s i d u e s  mod 4 a r e  r e p r e s e n t e d  e q u a l l y  o f t e n ,  and f o r
k > 3 we have a l l  t h r e e  g e n e r i c  c h a r a c t e r s  w i th  r e s p e c t  t o  
2 and t h e  odd r e s i d u e s  mod 8 a r e  r e p r e s e n t e d  e q u a l l y  o f t e n .  
A l l  forms r e p r e s e n t  a mod p .
P r o o f : S in ce  a z ( z  + 1) i s  even we see  t h a t  a l l  2 forms
in  have d i v i s o r  p r im e t o  2.
F o r  k = 1, t h e  d i s c r i m i n a n t  i s  c o n g ru e n t  t o  4 mod 16 
so we have no c h a r a c t e r  w i th  r e s p e c t  t o  2.
F o r  k = 2 t h e  d i s c r i m i n a n t  i s  c o n g ru e n t  t o  16 mod 32 
so we have o n ly  ( - l | q p ) .  For  z = 0 o r  3 t h e  form 
r e p r e s e n t s  c '  mod 4 and f o r  z -  1 o r  2 t h e  form r e p r e s e n t s  
2a + c 1 »s 2 + c 1 mod 4 .
F o r  k > 3 we have a l l  t h r e e  c h a r a c t e r s  w i th  r e s p e c t
t o  2 s i n c e  t h e  d i s c r i m i n a n t  i s  c o n g ru e n t  t o  0 mod 32.  When
2 d \ z  we have 2 forms which r e p r e s e n t  c '  mod 8 .  When
2 2 | | z  we have form s which r e p r e s e n t  4 + c '  mod 8 .
When 2 | |  z t h e n  s i n c e  we have an e q u a l  number o f  such  z ' s
k—such t h a t  z m 2 mod 8 and z * 6 mod 8, we have 2 forms
k—̂which r e p r e s e n t  6a + c 1 and 2 forms which r e p r e s e n t  
2a + c '  mod 8 .  I f  ( 2 , z )  = 1 t h e n  s i n c e  we have an e q u a l  
number o f  such z ' s  c o n g ru e n t  t o  1 ,  3* 5 ° r  7 mod 8, each  o f
V
63
2 a +  c ' ,  c ’ , 4 a +  c '  and 6 a +  c '  I s  r e p r e s e n t e d  2k"^  more 
t i m e s .  So a l t o g e t h e r  each  o f  1, 3, 5, and 7 mod 8 i s  
r e p r e s e n t e d  2^” ^ t i m e s .
Now l e t  us  concern  o u r s e l v e s  w i th  odd p r im es  p .  S ince  
a l l  forms a r e  d i a g o n a l i z a b l e  modulo l a r g e  powers o f  p we 
w i l l  t a k e  f  = [ a , 0 , c ' p m] where d i s c r i m i n a n t  o f  f  i s
- 4 a c ' p m. Let  V = f[® Zf l ] |o i+ 0  = k and 0 < z < pa ) where
0 pp I
k i s  f i x e d .  On a p p l y in g  a t r a n s f o r m a t i o n  from V t o  f  
we g e t  [ a p 2a ,2 a z p a f a z 2 + c ' p 2^*111] .  Denote t h e  t o t a l i t y  of  
forms t h u s  o b t a i n e d  f o r  a f i x e d  k by 3^ .  We would l i k e  t o  
know how many forms we have in  3^ w i th  a g iven  power o f  
p a s  d i v i s o r  and what t h e s e  forms r e p r e s e n t  mod 8 and mod p .  
From t h e  d i s c r i m i n a n t  and c o e f f i c i e n t s  we see  t h a t  i f  one 
o f  t h e s e  forms has  2X as  d i v i s o r  th e n  x < 2k and x < ^  + k .
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Theoremm 9 : F o r  ^  > k ,  t h e  maximum exponen t  o f  a d i v i s o r
i s  2k and we have i n  3^
Number o f  R e p re s e n t  R e s t r i c t i o n s  D i v i s o r  R e p re s e n t
forms________ w . r  . t  .p_________________________________ w . r  . t  .2
93) 0 ______ _________  p 2x+1 _______
94) pk a   p^ a mod 8
95) Pk - J  a J * 1 ,  . . . , k  p 2J a mod 8
Py+1
P r o o f : We see  t h a t  i f  p d i v i d e s  a form th e n
2m > 2k > 2a > 2x + l  which i m p l i e s  t h a t  m > a  > x + 1 .  From
t h i s  we see  t h a t  px + 1 | z .  T h e r e f o r e  px+1+a | z p a . T h is
Px+21 ai m p l i e s  t h a t  p | z p  . T h e r e f o r e  we can have no odd 
exponen t  d i v i s o r s .
D i v i s o r  p r im e t o  p . i f  a  = 0 th e n  z -  0 and we have one
form w i th  no d i v i s o r  which r e p r e s e n t s  a mod p and a mod 8.
I f  a  ^ 0 th e n  we need  ( p , z )  = 1. So we have pa  -  pa “ ^ forms
w i th  no d i v i s o r  f o r  each  a .  Each r e p r e s e n t s  a mod p and
„ k » a —1 kmod 8 .  T h e r e f o r e  we have £ p - p  = p - l  more forms
a = l
w i th  d i v i s o r  p r im e  t o  p .  Combining t h e s e  r e s u l t s  y i e l d s  9^)* 
21D i v i s o r  p ° , j  = 1 ,  . . . , k . F o r  t h i s  c a s e  we must have a > j .
I f  a  = j  t h e n  z = 0 y i e l d s  one form which r e p r e s e n t s  a 
mod p and mod 8 .
Now l e t  a = J  + i ;  1 =  1 , . . . , k - j .  We th e n  need  p^ l  z .
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T h e r e f o r e  l e t  z = p ^ z ^ .  Then P^2^ < P*̂ +* i m p l i e s  
z^ < p * .  S in c e  ( z ^ , p )  = 1 we have p ^ - p 1” ^ forms f o r
k - j  i  i _ I Ir.. -j
each  i .  So we have ”P = P ^ more fo rm s .
Combining t h e s e  r e s u l t s  y i e l d s  95)•
Theorem 1 0 : F o r  ^  < k ,  m odd we have in  3^
Number o f  R e p re s e n t  R e s t r i c t i o n s  D i v i s o r  R e p re s e n t
forms________ w . r  . t  .p___________________________________ w . r  . t  .2
9 6 ) p k a _________  p °  a mod 8
97) p k" J a p 2J a mod 8
9 8 )p k- ^ +2J + 1 ) a k > B ± l  + 2J+l  pm+2^+1 a mod 8
k -  ( S t i  + 2J )
99 )p  ' 2 c 1 k > ^  + 2j pm+2J ap mod 8
P r o o f : The p r o o f  o f  9 6 ) i s  i d e n t i c a l  t o  t h e  p r o o f  o f  9^) o f  
Theorem 9 .  The p r o o f  o f  97) i n v o l v e s  t h e  same d e t a i l s  as  
93) o f  Theorem 9 .
D i v i s o r  pm+1+2^ . we mu s t  have a  > + j  and 0 > j  + 1.
T h e r e f o r e  k > + 2J + 1 .  T h is  c o n d i t i o n  i s  c o n s i s t a n t
w i th  t h e  maximum d i v i s o r  c o n d i t i o n .
mX 1
I f  a  = —5— + j  t h e n  z = 0 g i v e s  one form which
r e p r e s e n t s  a mod p and mod 8 .
m+l K - ( S ± i + 2 J  + l )
I f  a  = ——  + j  + i ;  i  = l , . . . , p  2 t h e n
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^  + 1̂1 k - ( ^ + 2 j + l )  1 i _ 1
we need  p I z .  So we have £ p -  p =
' i = l
k - ( S & + 2 j + l )
P -  1 more forms ea ch  r e p r e s e n t i n g  a mod p and
mod 8.* T o t a l i n g  t h e s e  r e s u l t s  y i e l d s  9 8 ) .
m+1
-r J
Z .'D i v i s o r  pm+2J . We must  have a  > + j  and p
m+1 +j
So 0 = j .  T h e r e f o r e  k > ^  + 2j  and p 2 z 2 < p k‘ J
k -  (-Siii + 2 j  ) k -  + 2 j )
which  i m p l i e s  z 2 < p So we have p
form s and t h e s e  r e p r e s e n t  c* mod p and a mod 8 .
Theorem 1 1 : F o r  ^  < k ,  m ev en ,  and ( - a c ' | p )  = -1  we
have in  3-.
Number R e p re s e n t  R e s t r i c t i o n s  D i v i s o r  R e p re s e n t
o f  forms w . r . t . p _________________________________ w . r  . t  .2
100) p k a m ± 0 p °  a mod 8
1 0 1 ) E ^ * p k" 1 ( < p |p ) = l  m = 0 p °  a mod 8
1 0 2 ) £ ^ i  • p k -1  («p|p) = - 1  m = 0 p °  a mod 8
103) Pk - J  a 0 < J < ^ - 1  p 2J a mod 8
104) 0     p 2x+1____ _____
105) 1 N.G.C. k = l  + 2j  pm+2J a mod 8
1 0 6 ) £ ± i  • (<p| p ) = l  m + j ^ 0  pm+2J a mod 8
pM | +SJ +D k > -  + SJ + i
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Number R e p re s e n t  R e s t r i c t i o n s  D i v i s o r  R e p re s e n t
o f  forms w . r . t . p __________________________________ w . r . t .2
1 0 7 ) E i i  • c p | p ) = - l '  m+J ^ 0 pm+2  ̂ a mod 8
p K . ( |  + 2 J + l) ^ ^ J+1
P r o o f : D i v i s o r  p r im e t o  p . I f  m ^ 0 th e n  100) f o l l o w s
from t h e  p r o o f  o f  9 6 ) o f  Theorem 10.
L e t  u s  now c o n s i d e r  m = 0 .  I f  a  = 0 t h e n  z = 0 
y i e l d s  one form w i th  no d i v i s o r .  F o r  1 < a  < k -1  we must
fthave ( z , p )  = 1. T here  a r e  p -  p such  z ' s  f o r  each
k -1  a  a _ ̂  1
a .  T h e r e f o r e  we have E p - p  = p - 1  more formsa = l
w i th  no d i v i s o r  which r e p r e s e n t  a mod p and mod 8 . F o r  t h i s  
i t  sh o u ld  be n o te d  t h a t  k > 2.  F o r  a  = k and 3 = 0  any
z y i e l d s  a form w i t h  no d i v i s o r .  I f  p | z  th e n  t h e  form
r e p r e s e n t s  c '  mod p .  I f  p -J- z th e n  t h e  form r e p r e s e n t s
2az + c '  mod p .  T h i s ,  c o u p le d  w i th  t h e  d i s c u s s i o n  o f  
d i v i s o r  pm+2  ̂ y i e l d s  * p ^” 1 forms w i th  g e n e r i c
c h a r a c t e r  (cp|p) = 1 and £ 7^  *pk -1  forms w i th  g e n e r i c
c h a r a c t e r  (qp|p) = -  1 .
D i v i s o r  p 2*^,0< j  < 75  -  1 .  F o r  a  = j  we must have z = 0 
and t h e r e f o r e  have one form which r e p r e s e n t s  a mod p and 
mod 8 .
L e t  a  = j + i ;  i  = l , . . . , k - j .  Then we must have 
p ^ | |  z .  So we have p 1 -  p i_ 1  forms f o r  each  i .  T h e r e f o r e
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i  1 k -  iwe have  ^ ? 1 (P“ ^-)P = P -  1 more form s r e p r e s e n t i n g  a
mod p and mod 8 . T o t a l i n g  t h e s e  r e s u l t s  y i e l d s  1 0 3 ) .
2x+lPivlTBor p F o r  t h i s  d i v i s o r  we must have  a > x  + 1
and px + 1 1 z i n  o r d e r  f o r  p^*+^ t o  d i v i d e  t h e  f i r s t  and
p v + Pl a s t  c o e f f i c i e n t s .  T h e r e f o r e  p d i v i d e s  t h e  m id d le
c o e f f i c i e n t  and we se e  t h a t  t h i s  d i v i s o r  i s  i m p o s s i b l e .
D i v i s o r  pm+2 ^ > m + j ^ 0 .  F o r  t h i s  d i v i s o r  we must have
a  > 75 + j  and 0 > j . T h e r e f o r e  k > ^  + 2 j  and t h i s  
c o r r e s p o n d s  t o  t h e  maximum ex p o n en t  c o n d i t i o n .
F o r  k = + 2 j  we have  a  = + j  and 0 = j . So
z = 0  y i e l d s  one form w hich  r e p r e s e n t s  a mod p and mod 8 .
Now c o n s i d e r  k > ^  + 2 j  + 1 .  F o r  a  = ^  + j ,  a g a in
z = 0 g i v e s  one form  which  r e p r e s e n t s  a mod p and mod 8 .
F o r  a  = 7; + j  + i ;  i  = 1> . . . , k -  ( | |  + 2 j  + 1) we o b v i o u s l y  
m, ^
i  i - 1need  p || z .  So we have p - p  form s f o r  each  i .
k-  (tj+2J+1) k-(? j  + 2J+1)
T h e r e f o r e  we have ( p - l ) * P ‘1'- 1 = P -  1
more fo rm s  which  r e p r e s e n t  a mod p and mod 8 . Our l a s t  c a s e
^  | J 11
i s  now a  -  k -  J ,  6 = j . I f  p*  II z we have
k - ( ^ 2 J )  k - ( | + 2 J + l )
p _p ^ fo rm s  which  r e p r e s e n t  numbers o f  t h e
2fo rm  a z ^ ^ + c 1 mod p .  So f o r  e a ch  z-  ̂ such  t h a t  0 < z 1 < p
k - ( f + 2 j + l )  2
we hav.e p fo rm s which  r e p r e s e n t  az-^ + c '  mod p .
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2+2  j  + 1 1
f  p* I z t h e  form r e p r e s e n t s  c 1 mod p and we have
k - ( f + 2 J + l )
P such  f o rm s .  A l l  o f  t h e s e  fo rm s  p r e v i o u s l y
d i s c u s s e d  r e p r e s e n t  a mod 8 .
2
Now l e t  us  c o n s i d e r  az^  ̂ + c '  .
We know ( a z ^  + c ' | p )  = ( a | p )  f o r  v a l u e s  o f  z ±
- ( a | p )  f o r  v a l u e s  o f  z^
where  0 < z^ < p .  Our z ^ ' s  however a r e  p r im e  t o  p .
Suppose p * 1 mod Then ( - a c ' ) p )  = -1  i m p l i e s  
( a | p )  = - ( c '  | p ) . A lso
2 — n
(azj^ + c ' | p )  = ( a | p ) f o r  v a l u e s  o f  z ±
— ( a | p ) f o r  v a l u e s  o f  z^
where 0 < z^ < p .  So a l t o g e t h e r  we have
k - ( ^ + 2 J + l )  k - ( | + 2 J + l )  x k - ( | + 2 j + l )
P + 2~ * P = ’ P fo rm s
which  r e p r e s e n t  a number t  such  t h a t  ( t | p ) = ( a | p ) .  We
k - ( f» -2 J + l )  k - ( | + 2 j + l )  x k - ( | + 2 j + l )
a l s o  have  p + • p = • p
form s which r e p r e s e n t  numbers t  such  t h a t  ( t | p ) = -  ( a | p ) .
Now suppose  p s  3 mod 4 .  Then ( a | p )  = ( c ' | p ) .  A lso
2 ^
(az.^ + c ' | p )  = ( a | p ) f o r  v a l u e s  o f  z^
— ( a | p ) f o r  v a l u e s  o f  z ^
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w here  0 < < p . So a l t o g e t h e r  we have
k-(-g+2J+l)  p - 3  (-g+gJ + 1 )_ p+i  k - ( ? |+ 2 j+ l )
2 P + g P -  • p forms
which  r e p r e s e n t  numbers t  such  t h a t  ( t i p )  = ( a | p ) .  A lso
£ ± i . Dk - ( r 2 J+ 1 >
2
such  t h a t  ( t | p ) =  - ( a | p ) .  T h i s  f i n i s h e s  106) and 1 0 7 ) .
we have fo rm s which  r e p r e s e n t  numbers t
Theorem 1 2 : F o r  75 < k ,  m ev e n ,  and ( - a c ' j p )  = 1  we have
in  3 ,
Number 
o f  fo rm s
R e p r e s e n t  
w . r . t . p
R e s t r i c t i o n s D i v i s o r R e p re s e n t  
w . r . t .2
1 0 8 ) p k a m ± 0 p ° a mod 8
1 0 9 )pk“ J a 0<J < | -  1 P J a mod 8
1 1 0 ) 2 j  + 1 N.G.C. k = |  = 2 j pm+2 j a mod 8
l l l ) £ z i  . (L+2j)* ( c p |p ) = l k > ^ + 2 j + l pm+2 j a mod 8
k -{S + 2 j + l )
P
1 1 2 ) E § i ( l + 2 J ) - (cp(p) = - 1 k > ^  + 2 j + l pm+2 j a mod 8
k - ( f t - 2J + l )
p
113) 2 ( j + l ) N.G.C. k = ^  + 2 J +1 pm+2 j + l a mod 8
l l 4 ) ( p - l ) ( j + l )  
k -  ( f+2J+2)
P
* (ap|p) = 1 k > ^ + 2 j +2 pm+2J+l ap mod 8
1 1 5 ) ( p - i ) ( j + i )
k - (” +2 J + 2 )
* (cp| p )= -  1 k > ^ + 2J +2 pm+2 j + l ap mod 8
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P r o o f : F i r s t  i t  sh o u ld  be  n o t e d  t h a t  i f  m = 0 th e n  th e
number o f  d i v i s o r s  p r im e  t o  p i s  found  in  111) and 1 1 2 ) .
P a r t  108) i s  i d e n t i c a l  in  p r o o f  t o  100) o f  Theorem 11. 
L ik ew ise  109) i s  i d e n t i c a l  t o  103) o f  Theorem 11.
t h a t  k > ^  + 2j . We a l s o  must have a  > + j .
C o n s id e r  a  -  — + j . F o r  k = ^  + 2 j  we have 0 = J 
and no c h a r a c t e r  mod p . However we do have one form w i th  
z = 0 which r e p r e s e n t s  a mod 8 .  L ik ew ise  i f  k > ^  + 2j + 1  
we have one form w i th  z = 0 and t h i s  form r e p r e s e n t s  a 
mod p and mod 8 .
Now c o n s i d e r  a  = ^  + j  + i ; i  = 1 , . . . , k -  + 2 j  + 1 ) .  For
t h e s e  a ' s ,  0 > j + 1 .  A lso  we must have k > ^  + 2j + 2. We
more forms which r e p r e s e n t  a mod p and mod 8.
Let  us  now c o n s i d e r  a  = k - j .  F o r  t h i s  a , 0  = j .  S ince  
we have a l r e a d y  done t h i s  c a s e  f o r  k = ^  + 2 j ,  we may
D i v i s o r  pm+^ . F o r  t h i s  d i v i s o r  we see  f rom t h e  d i s c r i m i n a n t
need  now
each  i .  S
II z .  T h e r e f o r e  we have p -p  ** forms f o r
M 1 + 2 J + D  . ± , M 5 + 2 J + 1 )
p ^ p 1- 1 = p - l
,rj+x|
have p
k -  (£+2j+1)
 <= forms which r e p r e s e n t  c '  mod p .  I f
z we must have az ,  + c '  4 0 mod p and
72
As b e f o r e  we know
- ( a | p )  f o r  ¥  v a l u e s  o f  z^
( a | p )  f o r  ¥  v a l u e s  o f  z 1
where  0 < z 1 < p .  However we n ee d  ( z ^ , p )  = 1.
F o r  p ■ 1 mod 4 we have  ( a | p )  = ( c ' | p ) .  So 
z 1 m 0 mod p y i e l d s  c ' . T h e r e f o r e  o u r  fo rm u la  becomes
( a z ^  + c ' | p )  = - { a | p ) f o r  v a l u e s  o f  z 1
( a | p ) f o r  ¥  v a l u e s  o f  z,^
where  0 < z^ < p .  So we have p^  fo rm s w i th
n_R k - (5+2j+ 1)
c h a r a c t e r  - ( a | p )  and • p ^ fo rm s w i t h  c h a r a c t e r
(a IP) •
I f  p s  3 mod 4 t h e n  - ( a | p )  = ( c ' | p )  and we have 
( a z ^  + c ' | p )  = - ( a | p )  f ° r  v a l u e s  o f  z 1
( a | p )  f o r  £^2, v a l u e s  o f  z^
rj.-a k -  (5+2j+ 1 )  
where  0 < z^  < p .  So we have • p ^ form s w i th
i k -  (5+2J+1 )c h a r a c t e r  ( a | p )  and • p ^ form s w i t h  c h a r a c t e r
- ( a | p ) .
Now c o n s i d e r  a  = k - ( j - i ) ,  0 = j - i  f o r  i  = l , , . . , J .
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S in c e  k > ^  + 2 j  we have k > ̂  + 2 j  -  i  which i m p l i e s
k — ( J — i ) > ^  + j .  T h e r e f o r e  a  i s  l a r g e  enough.  We
o b v i o u s l y  want p || z .  F o r  t h e s e  z ' s  we have
k + m
P ^  || zpa . C o n s id e r  k = 3y t2J . Then a  = + j  + i ,
0 = .1 -  ■* . Also  pm+^ | |  azpa . So we must co u n t  t h e
2 pi 21s o l u t i o n s  o f  az^  + c* m 0 and p w i th  0 < z^ < p . We have
two such s o l u t i o n s  f o r  each  i  so we have 2j  form s w i th
t h i s  d i v i s o r  b u t  t h e y  have no c h a r a c t e r  w i th  r e s p e c t  t o  p .
low c o n s i d e r  k > ^  + 2 j  + 1 .  Then we must co u n t  t h e
2 21 21 +1 s o l u t i o n s  o f  az^  + c ' * qp mod p w i th  0 < q < p  and
k - ( S + 2 j - 2 i )  , . x
0 < z^ < p 2 • S in c e  ( - a c ' | p )  = 1 we have 2 s o l u t i o n s
k (^+21+1)
mod p ^ +^ .  T h e r e f o r e  we have 2 • p s o l u t i o n s  f o r
each  i  and t h e  c o r r e s p o n d i n g  forms r e p r e s e n t  q .  So we
k - (5+2J+1)
have 2j • p 45 form s w i th  t h i s  d i v i s o r  which
r e p r e s e n t  each  q such  t h a t  0 < q < p .
Combining t h e s e  r e s u l t s  y i e l d s  1 1 0 ) ,  111 ) ,  and 1 1 2 ) .
D i v i s o r  On exam in ing  d i s c r i m i n a n t s  we see  t h a t  we
must have k > 5 + 2 J + l .  A lso  we must have a > 5  + 2 j + l  and 
0 > j .  T h e r e f o r e  l e t  p * J -  i ,  a = k - j + i  f o r  i = 0 , . . . , j .
5 + J - i n 5 +J - i+ k - J + i  k+Sii a
We must have  p II z» Then p = P 2 II a zP *
5 + 2 j+1
C o n s id e r  k = ^  + 2J + 1 .  Then p || azpa . So we
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O O-1 J.T o\ +1
want  az^  + c '  * 0 mod p w i t h  0 < z-  ̂< p . We have
two such  z 1 ' s  f o r  each  1 so  we g e t  2j  + 2 form s w i th  
t h i s  d i v i s o r  which r e p r e s e n t  a p mod 8 b u t  have no c h a r a c t e r  
mod p .
$ f j - i
Now c o n s i d e r  k > ^  + 2 j  + 2 .  Again we want p || z
2
and a l s o  we must c o u n t  t h e  z ^ ' s  f o r  which  az^  + c 1 *
2 i + l  2 i+2  k - ( 5 + 2 j - 2 i )
qp mod p w i th  0 < z^ < p 2 and 0 < q < p .  We
21+2have two s o l u t i o n s  t o  t h i s  c o n g ru en c e  mod p so we have
2pk (’5+2J + 2 ) f orms f o r  each  i  which  r e p r e s e n t  q mod p .  So
x (?+2 j+2
we have 2 ( j  + l ) * p  *= fo rm s  which r e p r e s e n t  each  q
such  t h a t  0 < q < p .  S in ce  a l l  o f  t h e s e  form s have d i v i s o r s  
w i t h  odd e x p o n e n t s  t h e y  a l l  r e p r e s e n t  ap mod 8.
T o t a l i n g  t h e s e  r e s u l t s  f i n i s h e s  t h e  th e o re m .
We w i l l  c l o s e  t h i s  c h a p t e r  w i th  t h e  b r i e f  rem ark  t h a t  
s i n c e  we have e x h a u s t e d  a l l  p o s s i b l e  c a s e s  we know t h e  
co m p le te  s t o r y  o f  how many form s we g e t  w i th  a g iv e n  d i v i s o r  
and what t h e y  r e p r e s e n t  mod 8 and mod p when o u r  form s a r e  
d e r i v e d  by  a p p l y i n g  H erm ite  t r a n s f o r m a t i o n s  w i th  a f i x e d  
d e t e r m i n a n t  t o  a g iv e n  fo rm .
CHAPTER I I I
In  t h i s  c h a p t e r  we w i l l  d e m o n s t r a t e  t h e  u sa g e  o f  t h e  
r e s u l t s  o f  C h a p te r  I I  by showing t h a t  r ^ [ d B : r ]  i s  
f a c t o r a b l e  and by  showing how t o  c a l c u l a t e  r ^ [ d B : r ] .
In  a l l  o f  t h i s  c h a p t e r  B w i l l  be  u se d  t o  d e s i g n a t e  
e i t h e r  a  p r i m i t i v e  m a t r i x  o r  a fo rm  w i t h  a p r i m i t i v e  m a t r i x  
o f  d e t e r m i n a n t  b .  We w i l l  r e d u c e  t h e  p ro b lem  o f  f i n d i n g  
t h e  number o f  r e p r e s e n t a t i o n  T where 6 ^ ( T ) = r  t o  t h a t  o f  
f i n d i n g  t h e  number o f  p r i m i t i v e  r e p r e s e n t a t i o n s  o f  a c e r t a i n  
s e t  o f  fo rm s .
Pi 2To d e t e r m in e  r ^ [ d B : r ]  where r  | d  b l e t  u s  f i r s t  
V* 1 d B V*examine ----- *------- where V i s  h e r m i t e  o f  d e t e r m i n a n t  r .
r
S in c e  t h e  number o f  p r i m i t i v e  r e p r e s e n t a t i o n s  o f  a form 
depends  o n ly  on t h e  o r d e r  o f  t h e  fo rm  we w i l l  need  t h e  
number o f  Vp which  g i v e  us  a c e r t a i n  d i v i s o r  say
q i j  ^ V*' dB V*p^ u f o r  p^ P i  where a s  b e f o r e  Vp i s  h e r m i t e
1P± 1
n i  n iand o f  d e t e r m i n a n t  p̂  ̂ and p^ || r .  D e f in e  Xd(e : P i )  t o
^11be  t h e  number o f  V which  g i v e  u s  d i v i s o r  p .  d where
p i  x
P i ^ l l  e * Then t h e  number o f  V ' s  such  t h a t  — ■ has
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d i v i s o r  e i s  n x d ( e : p ) ,  For  each  p o s s i b l e  d i v i s o r  e l e t  
p ] r
e tpe be  a fo rm  w i th  d i v i s o r  e which  can be r e p r e s e n t e d  a s
V* ' dg V* • Then i v [ d B : r ]  -  E II Xa ( 
r  p |  r
cpg can be  r e p l a c e d  by  any form in  t h e  same o r d e r  w i t h o u t
a l t e r i n g  t h e  v a l i d i t y  o f  t h e  f o rm u la  and qpe h a s  a
p r i m i t i v e  m a t r i x  o f  d e t e r m i n a n t  —p f o r  each  e we have
r
r j i , [dB:r]  = I  I l X . ( e : p )  r j , [eq>:l]  where cp h a s  a p r i m i t i v e  
* p | r
m a t r i x  o f  d e t e r m i n a n t  — In  c e r t a i n  c a s e s  t h i s  r e s u l t
r
s i m p l i f i e s  even f u r t h e r  a s  i n  t h e  f o l l o w i n g  th e o re m .
Theorem 1 : I f  B i s  a form w i t h  a p r i m i t i v e  m a t r i x  o f
p I O
d e t e r m i n a n t  b ,  r  | d  b and ( d , r )  = 1 th e n
r ^ [ d B : r ]  = r^ [d<p:l]  where cp h as  a p r i m i t i v e  m a t r i x  o f
d e t e r m i n a n t  —p.
r
P r o o f : S in c e  ( d , r )  = 1 we se e  t h a t  V*'BV* must  have
2 > d i v i s o r  r  t o  g u a r a n t e e  t h a t  V* dB V* be i n t e g r a l .  S in c e
r  |b  we see  t h a t  t h e  ex p o n e n t  o f  p i n  b i s  g r e a t e r  t h a n
o r  e q u a l  t o  t w i c e  t h e  ex ponen t  o f  p i n  r  f o r  a l l  p r im e s
p | r .  Then th e o re m s  2 and 9 o f  C h a p te r  I I  im p ly  t h a t  t h e r e
i s  o n l y  one Vp f o r  each  p | r .  T h e r e f o r e  t h e r e  i s  o n ly
V*1dB V*one V. So from  o u r  p r e v i o u s  d i s c u s s i o n  i f  dqp = ------^-----  we
r  b
see  t h a t  cp h as  a p r i m i t i v e  m a t r i x  o f  d e t e r m i n a n t  —̂  and
e :p ) r ^ [e c p  : 1 ] .  S in c e
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t h a t  r ^ [ d B : r ]  = r^ [d f lp : l ] .
P r o f e s s o r  P a l l  p ro v e d  in  [ 5 ] t h a t  t h e  number o f  
r e p r e s e n t a t i o n s  o v e r  a l l  p o s s i b l e  g . c . d . ’ s was a f a c t o r a b l e  
f u n c t i o n  in  a c e r t a i n  s e n s e .  We would l i k e  t o  do t h i s  f o r  
r e p r e s e n t a t i o n s  o f  g . c . d . r .  To do so we w i l l  n eed  t h e  
f o l l o w i n g  lemmas.
V*1dB V*Lemma: I f  ecp i s  r e p r e s e n t a b l e  as   n  when cp has
r
a p r i m i t i v e  m a t r i x ,  B h a s  a p r i m i t i v e  m a t r i x ,  and V i s  
h e r m i t e  o f  d e t e r m i n a n t  r  t h e n  e | d .
P r o o f : We know t h a t  V“ ^ = — — . T h e r e f o r e  dB = eVq>V' .
S in c e  B h a s  a p r i m i t i v e  m a t r i x  e | d .
Lemma: I f  (d -^ d g )  = 1, e-Jd^^ and ^2 ^ 2  t h e n
* d j d 2  ( e i e 2 : P) ~ * d ^ ( e l : P) ‘^ d 2 fe 2 :^^ *
P r o o f : S in c e  p d i v i d e s  a t  most one o f  d^ and d^ suppose
p -j- dg .  Also  l e t  pn || r .  L e t  u s  now examine
* 1 *
V d l d 2B \  I — £_ . S in c e  p f  d 0 , t h e  ex p o n en t  o f  p i n  t h e2n * {-p
d i v i s o r  o f  t h i s  m a t r i x  o b v i o u s l y  depends  o n ly  on d^ and 
n .  So Xd d ( e i e 2 :p )  -  ^ ( e i s p )  . Now c o n s i d e r
*l #
V dpB V I
—I- P . S in c e  p p i g ,  th e o re m s  2 and 9 o f  C h a p te r  I I
t e l l  u s  t h a t  Xd ( e : p )  = 1 and t h e  lemma i s  p ro v e d .
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In  l i g h t  o f  t h e s e  lemmas i t  s h o u ld  he  n o te d  t h a t  we 
can now w r i t e  r ^ [ d B : r ]  » ^  X ^ ( e : p ) r ^ [  ecp: 1] where a s
b e f o r e  <p h as  a p r i m i t i v e  m a t r i x  o f  d e t e r m i n a n t  —2 .
r
Theorem 2 : I f  r ^ [ B : r ]  f  0 and (d1 , d 2 ) = 1 th e n
r ^ d j B i r ]  r^fdgBcr]  _ r^ fd jdgBcr]
r4 [B :r ]  ‘ r4 [B : r ]  " r4 [B :r ]
P r o o f ; We know from  o u r  p r e v i o u s  work t h a t  
r 4 [d . )B :r ]  r ^ d g B t r ]  
r 4 [ B: r ] ‘ r 4 [ B : r ]
e i | d l F | r % ( e l :P) e ^ g n | r M 2 ( e 2 : P ) r 4 C ^ ^ ]
r ^ h p : ! ]  r 4 [cp:l]
where  cp h as  a p r i m i t i v e  m a t r i x  o f  d e t e r m i n a n t  —2 . Then
r
s i n c e  (d -^ d g )  = 1 we have t h a t  ( e l f e 2 ) = 1 f o r  a l l  
p o s s i b l e  e ] J d i  a nd e 2 ^ 2  an<* 
r ^ fd jB tr ]  r^fdgBtr]
now
r ^ [ B : r ]  * r ^ [ B : r ]
. ^ [ e ^ : ! ]  r^ [egqp : l ]
!le2?dld2PirXdl(ei:P)pfr V * ,P) r4l*!ll '
I Iv  r 4 [ e l e 2(p:11 _ r 4 t d i d2B : r l
e l e 2^1^2 Plr ^ l(*2 e l e 2*p r^ [« p : l ]  r ^ [ B : r ]
Now l e t  u s  d e m o n s t r a t e  how t o  f i n d  r ^ [ p wB : r ] .
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Theorem 3 t I f  B h a s  a p r i m i t i v e  m a t r i x  o f  d e t e r m i n a n t  b ,
O * Om i u  m
r  | p  b and p - | - r  t h e n  r ^ [ p  B : r ]  = r ^ [ p  <jp:l] where cp
h a s  a p r i m i t i v e  m a t r i x  o f  d e t e r m i n a n t  —p .
r
I yf
P r o o f ; When we examine V» p"B V* we gee y # 1 g y#
r f w
must  have  d i v i s o r  r 2 i n  o r d e r  t h a t  v-* PgB Y* be i n t e g r a l .
r
Prom th e o re m s  2 and 9 o f  C h a p te r  I I  we know t h e r e  e x i s t s
# * * 2n_
o n ly  one Vq such  t h a t  Vq B Vq h as  d i v i s o r  q q f o r
each  q such  t h a t  q i s  a p r im e  and q q |( r .  T h e r e f o r e
V* • v#
t h e r e  e x i s t s  o n l y  one V such  t h a t  V  i s  i n t e g r a l .
r
L e t  p"<p = V l l E ^ V *  8 ln c e  | , |  .  | V * | g - |B |  .  *  t h e
r  r  r
th e o re m  i s  p r o v e d .
We w i l l  now o u t l i n e  a p r o c e d u r e  t o  c a l c u l a t e  
r 4 [ p wB : r ]  when p | r ,  b = |B) and r 2 | p 2wb .  In  t h e  f o l l o w i n g
q w i l l  be u se d  t o  d e s i g n a t e  a p r im e .  We r e c a l l  t h a t
rh [ pWB: r ] = E II X w(e:  q ) r 4t  e<P: ! ]  • L e t  X w be d e s i g n a t e d  
e q | r  p p
by  X . W e  a l s o  know t h a t  i f  q ^ p th e n  X( e : q )  = 1 .
U s in g  t h e  f a c t  t h a t  ------- E*---  can o n l y  have d i v i s o r s  which
r
a r e  powers  o f  p we see  t h a t  t h e  e ' s  r an g e  o v e r  a l l  t h e  
p o s s i b l e  powers  o f  p which  can  o c c u r  a s  d i v i s o r s .  Our
fo rm u la  can now be r e w r i t t e n  a s  r ^ [ p wB : r ]  =
g X( e : p )  r ^ [e c p ; l ]  when e r a n g e s  o v e r  a l l  t h e  p o s s i b l e
powers  o f  p which  can o c c u r  a s  d i v i s o r s .  L e t  pn || r  t h e n
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#  i #  w™ Pnon exam in in g  V BV„ • p we se e  t h a t  t h e  minimum
P P
ex p o n en t  o f  p o c c u r i n g  i n  a d i v i s o r  i s  d e t e r m in e d  s i n c e  
Vp B Vp • p w-2n must  be i n t e g r a l .  Then t h e  p o s s i b l e  e ' s
and t h e  c o r r e s p o n d i n g  x ( e : p ) ' s  a r e  found  i n  t h e  th e o re m s  o f  
C h a p te r  I I  and r^ [e q p : l ]  i s  found  from C h a p te r  I .
L e t  u s  f u r t h e r  d e m o n s t r a t e  t h i s  method o f  d e t e r m i n i n g  
r 4CPWfi:r1 by  f i n d i n g  t h e  X (e :p )  i n  a p a r t i c u l a r  exam ple .
L e t  p , r  and b = | b | be odd .  L e t  pn || r  and p ^ | |  b .  We
w i l l  c o n s i d e r  t h e  c a s e  when t  > 2n. We a r e  o n ly  i n t e r e s t e d
# * *
i n  t h e  n o n - n e g a t i v e  i n t e g e r s  h such  t h a t  V B V h as
P ^
d i v i s o r  p*1 and h + w -  2n > 0 .  L e t  m = m a x (2 n -w ,0 ) .  Then
from  Theorem 9 o f  C h a p te r  I I  we see  t h a t  we have p n” ^
form s w i th  d i v i s o r  p 2^ a s  j  r a n g e s  f rom  0 t o  n . So in
t h i s  c a s e  r ^ [ p wB : r ]  = pn ” ^ r ^ [ p 2^+w“ 2nqp: 1] .
J=[ — 5— 3
S in c e  we can d e t e r m in e  r ^ [ p wB : r ]  in  each  c a s e  and 
r ^ [ d B : r ]  i s  f a c t o r a b l e  we can d e t e r m in e  r ^ [ d B : r ]  f o r  any 
g iv e n  d ,  B, and r .
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